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A Certain Type of Number Expressible as Self-similar Difference of Squares

Abstract
Keywords: Number Theory, Diophantine Equation, Subtle Differences of Two Squares

The two examples that I have are

and
015873015873 126984126984 015873015873 126984126984

1015873015873016126984126984127 =1015873015873016°~126984126984127°

A A B B B B A A
——t— ——t— ——t— ——t—

015873015873 126984126984 126984126984 015873015873
015873015873016126984126984128 =126984126984128°~015873015873016°

C C D D C C D D
——t— ——t— ——t— ——t—

016128016128 128016128016 016128016128 128016128016
D D D D

1016128016128016128016128016127 =1016128016128016°~128016128016127°

C C D D D D C C
—t——r— —t— —— —t—— —r— —t— —r—

016128016128 128016128016 128016128016 016128016128

C e C C

C
016128016128016128016128016128 =128016128016128°~016128016128016>

These were found by Giovanni Resta, and he was unspecific as to exactly where these identities were
coming from, but they are associated with rational numbers of particular forms:

(i,ﬁj ~(0.015873,0.126084 )
6363

256 =0.016128=0.016128016128016128016128016128016128------

15873
I hope this doesn’t satisfy you!

We also can present some diverse methods for generating subtle differences of two squares. In retaliation
we nominate

147,1484847 ,14848484847 , 14848484 8484847 , 1484848484848484847 ,---
48, 484848 , 4848484848 , 4848484 8484848 , 484848484848484848 , ---

and

{1_42 ,13467,1346834 683467 ,13468346834 6834683467 ,1346834683468346834 683468346834683467 , ---

48,3468,346834683468, 3468346834 6834083468 , 34683468346834 68346834683468 , -+

of course the above pair of examples are mathematically far more marvelous interesting, thus we name them as
the sequences of self-similar differences of two squares. The numbers 10 appearing here may be replaced by
any other base.
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Concatenating Squares ( 7T & & W18 E Ao oy — 45 T H X 98 2 B XA 6 o IEAE T 2L &
BRI EERABTMATORMFT Pat L7 MAF LR ? @A RZBRLTURG | 43R
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(1) The difference of two squares (http://www.puzzlet.co.uk/Puzzlets/Puzzlet_163.html )

The difference of two squares b and a is b>—a’, where b and a are two 3-digit
integers and a 1is less than b, is equal to the concatenation a &b . Here's an example of
how this works:

513> -216>=216&513 (where & is a concatenation symbol ) ,
and if we concatenate 216 with 513 we get 216513.

(2) Here are the first 29 of these numbers ( OEIS A113797) :
48,100,147 ,3468,10000,10101,13467 ,16128 ,34188 ,140400,190476,216513,
300625 ,334668 ,416768 ,484848 ,530901,1000000,1010100,1016127 ,1034187,
1140399 ,1190475,1216512 ,1300624 ,1334667 ,1416767 ,1484847 ,1530900, -

(3) PUZZLET 163 R £ % : L C++BR A BT %HFEF U FRIBFF 242 K5 -
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r=10" WP EBRRE (& BERFR) (WP IFERM (& BEHFR)
# & | Eo={[d&p]]|a-b|=ar+s) |E)={[d&[p]] a*+b>=a-r+b]
Tk N,,N, € E,(r) N,e E,(r)
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2

BPh’=rF4b> +4b > 4 B8 HIR4E

b*—b— =0
4 b
2 g2
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) 1+ 1=h>+72
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b_—liJ1+h2—r2
B 2
BA
k2=1-h>+r>
k2=1+h*—r?
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Diophantine Equation ( r=10"): N, € E, (r)

N eE(r)er’+l=h’+k’>=2a-r)+(2b-1)*

rrP+l=(m*+n*)(u*+v)=(mv+nu)’ +(mu—nv)* ;mu—nv=1,mv+nu=r

(a,b)={(mv,mu);(nu,mu);(mv,—nv);(nu,—nv)}

010588235294117647,(x2352941176470588,(x9411764705882352)
05882353 = 0588°+2353°

K_A'—\

94122353 =94122+2353

A

0588235294117647058823529411764705882353€ E, (10 )
A

= 05882352941176470588> + 23529411764705882353>

B

9411764705882352941223529411764705882353€ E, (10*)
C
=94117647058823529412° +23529411764705882353°




Diophantine Equation ( r=10"): N, ,N, € E, (r)

Fermat’s Factorization Method, Brahmagupta’s Identity, Brahmagupta—Fibonacci’s Identity

N,=a-r+b=a’-b><r’—-1=h’-k>=(2a-r)"—(2b+1)’

r’—=l=p-g=(m*-n)(u’—v?)=(mu—-nv)>—(nu—-mv)*>, m>-n><r*-1
nu—-mv=1,mu—nv=r,(m+n)(u—v)=r+l,m>n21,u>v=1

(a,b)={(mu,mv);(—=nv,mv);(mu,—nu);(-nv,—nu)}

N,eE,(r)=(a,b)=(mu,mv)

(a,b)=(d'+r,b-1) = (d,b')=(a—r,b+1)=N,-N,=r>-1

a<(\/§+1)-r rSh<\/§-r
2 1<k<2-r-1

,0Sb£r—1<:>{

Ny=d r+b'=b>-d’ &r’-1=h>-k>=2d +r)* = (2b'-1)?

r’=l1=p-g=(m*-n*)(u’-v*)=(mu—-nv)’—(nu—-mv)> ,m*-n*><r*-1
nu—-mv=1,mu—nv=r,(m+n)(u—-v)=r+l,m>n2l,u>v21

(a",b)y={(nv,nu);(=mu,nu);(nv,—mv);(-mu,—mv)}

N,e E,(r)=(d,b')=(nv,nu)

(a’,b)=(a-r,b+1)= (a,b)=(a’+r,b’~1)=N,-N,=r"-1

— . < .
OSa'<M,1Sb'Sr@ r<h<ysr
2 1<k<2-r-3

eSloane, N. J. A. Sequences A113797 and A162700 in "The On-Line Encyclopedia of Integer Sequences."

3 3
% r=10° & (u.v)=(8.1)= (a,b)=| 210 +8 BI04 o
63 63
3 2
1016127 =1016° ~127> =810 *D" 5 499
— — 6 .
3 2
ﬂiziz_ﬁzzwel;z(lm)
16129-10° —=2032 2032-10° —16129
o r=10"8%F : &g (m,n)=(127,16)= (a,b) = , » 9]
N T ) =( )= (a.b) ( 15873 15873 ] d
18
1016128016128016127=10161280162—1280161272:1612;(;(7)3 1)e152(109)
18 152 ’
016128016128016128 = 1280161282 —0161280162 = 22210 =D _ E,(10%)
15873
9 109
o ro10° 8 ¢ i (uov)=(25.12) = (a.5) = 625-10 +300’300 10° +144 Tk
481 481
9 2
1299376300623700624 = 12993763007 — 6237006242 = (2210 +12) € E,(10%)

9 2
299376300623700625 = 6237006252 —299376300% = (12 1381’ 25) € E,(10%)

8



36 _ 1036
ok r=10% 85 : é(m’n):(53’20)2(61,19)2(2809 10 ~1060 1060-10™ +2809

2409 2409 ] T

1166044001660440016604400166044001660440016604400166044001660440016604399
=1166044001660440016604400166044001660°— 44001660 44001660 44001660 440016604399 *
72 _
_2809(10 1)e E, (10%)

2409
16604400166044001660440016604400166044001660440016604400166044001660 4400

= 44001660 44001660 44001660 44001660 4400 *~166044001660440016604400166044001660°

_400(107 -1)
2409

e E,(10°)

7396-10° +1118 1118-10°° +169
7227 ’ 7227

1023384530233845302338453023384530234154697661546976615469766154697661547
=1023384530233845302338453023384530234°~154697661546976615469766154697661547°

0% r=10"8% : é(u,v)=(86,13):>(a’b):( j A

36 2
_(86-10°+13)" ey
7227 )
0233845302338453 02338453 023384530234 154697661546976615469766154697661548

=154697661546976615469766154697661548°—023384530233845302338453023384530234>

_(13-10°+86)°
- 7227
() KB FFBRBEB NPT EZRRBZER - ZEZRARRER
(1) &% [4)[5]) &9 B RBF A4S 2R A H B IS B 6o i T 5 s fo ety B Bt 2 [2])
HER A REET BabH L] o
) FERBYMRELETRINE -1 ERMETF E2ZRH LFARFOBRALARS
SR EE () FubEiEs miF o 2B SR-E,(r) 81 -1 8% E Bt K
HERMTFFTEBREE,(r) GFAOGHERAL B AMZHI|BEK -
E,(r)$ir’—1e) B HALSRA L MM Ez %7 (r=10")
WP EBRABZEBHAEO»HER (1=8,9) (HEE—)

€ E,(10%)

rl-1=h>-k? (a,b)y=(mu,mv) (a’,b")y=(nv,nu)
h k (p.q) (m,n,u,v)
102 -1=3%-11

18 15 (33.3) (7.[4].2.0
10°—1=3-11-101

168 135 (3333,3) (,,2,1)

10°-1=3°.7-11-13-37

1020 201 (99,10101) ([10],[1],101,10)
1032 255 (15873,63) (127,16,8,1)

1068 375 (117,8547) (11,2,94,17)




1280 799 (2849,351) (57,20,20,7)
1380 951 (21,47619) (5,2,238,95)
1432 1025 (3367,297) (64,27,19,8)
1600 1249 (2079,481) (52,25,25,12)
1668 1335 (333333,3) ([667].[334],2.1)
1832 1535 (2457,407) (59,32,24,13)
1968 1695 (33,30303) (7.4,212,121)
2060 1801 (5291,189) (90,53,17,10)
10%—1=3%-11-73-101-137
10468 3095 (13837,7227) (119,18,86,13)
10532 3305 (13563,7373) (118,19,87,14)
13320 8799 (2409,41511) (53,20,220,83)
16668 13335 (33333333,3) ([6667],[3334],2,1)
21960 19551 (4521,22119) (85,52,188,115)
10" —1=3%-11-41-271-9091
102020 20201 (99,101010101) ([10],]1],10101,1010)
166668 133335 (3333333333,3) (|66667|,133334/,2,1)
196968 169695 (33,303030303) (7.4,21212,12121)
199780 172951 (22172949,451) (5765,3326,26,15)
10°-1=3"-7-11-13-37-101-9901
1037032 274655 (7777,128584287) (89,12,11444,1543)
1061068 354775 (69237693,144443) (8447,1454,122,21)
1113468 489705 (6363,157158573) (82,19,12887,2986)
1202840 668449 (52386191,19089) (7596,2305,145,44)
1362180 924951 (42861429,23331) (7115,2786,166,65)
1477160 1087199 (38227761,26159) (6881,3020,180,79)
1487940 1101801 (3939,253871541) (70,31,17771,7870)
1536468 1166505 (36267363,27573) (6782,3119,187,86)
1548032 1181695 (3737,267594327) (69,32,18464,8563)
1640332 1300265 (33336667,29997) (6634,3267,199,98)
1666668 1333335 (333333333333,3) ([666667],[333334],2.1)
1693668 1366935 (3333,300030003) (67,34,20102,10201)
1800168 1496865 (29732703,33633) (6452,3449,217,116)
1881500 1593751 (28207949,35451) (6375,3526,226,125)
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2004032 1736705 (2727,366703337) (64,37,23469,13568)
2138932 1890775 (24326757,41107) (6179,3722,254,153)
10" —1=32-11-239-4649-909091
10202020 2020201 (99,1010101010101) ([10],[1],1010101,101010)
16666668 13333335 (33333333333333,3) ([6666667],[3333334],2,1)
19696968 16969695 (33,3030303030303) (7,4,2121212,1212121)
10" —1=3%-11-17-73-101-137-5882353
10" —1=3%-7-11-13-19-37-52579-333667
10 —1=37-11-41-101-271-3541-9091- 27961

HEBAMABRAEHMBZ LR FFEBRHE (n=8,9) (=)

Ey(r)={[a]&[b]||a®~b*|=a-r+b},r=10"=N,-N}=r> -1

N,=[a]&[b]=a’-b’=a-r+be E,(r) || Ny=[d|&[V]=b"-a?=a"-r+b'c E,(r)
N,e E,(r) a b b ad N,€ E,(r)
10> -1=3%-11
147 14 7 8 4 48
10 -1=3%-11-101
13467 134 67 68 34 3468
10°=1=3°.7-11-13-37
1010100 1010 100 101 010 010101
1016127 1016 127 128 016 016128
1034187 1034 187 188 034 034188
1140399 1140 399 400 140 140400
1190475 1190 475 476 190 190476
1216512 1216 512 513 216 216513
1300624 1300 624 625 300 300625
1334667 1334 667 668 334 334668
1416767 1416 767 768 416 416768
1484847 1484 847 848 484 484848
1530900 1530 900 901 530 530901
10°-1=3%-11-73-101-137
102341547 10234 1547 1548 0234 02341548
102661652 10266 1652 1653 0266 02661653
116604399 11660 4399 4400 1660 16604400
133346667 13334 6667 6668 3334 33346668
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159809775 15980 9775 9776 5980 59809776
10 —-1=3%-11-41-271-9091

10101010100 101010 10100 10101 01010 0101010101

13333466667 133334 66667 66668 33334 3333466668

14848484847 148484 84847 84848 48484 4848484848

14989086475 149890 86475 86476 49890 4989086476

10”-1=3-7-11-13-37-101-9901
1018516137327 1018516 137327 137328 018516 018516137328
1030534177387 1030534 177387 177388 030534 030534177388
1056734244852 1056734 244852 244853 056734 056734244853
1101420334224 1101420 334224 334225 101420 101420334225
1181090462475 1181090 462475 462476 181090 181090462476
1238580543599 1238580 543599 543600 238580 238580543600
1243970550900 1243970 550900 550901 243970 243970550901
1268234583252 1268234 583252 583253 268234 268234583253
1274016590847 1274016 590847 590848 274016 274016590848
1320166650132 1320166 650132 650133 320166 320166650133
1333334666667 1333334 666667 666668 333334 333334666668
1346834683467 1346834 683467 683468 346834 346834683468
1400084748432 1400084 748432 748433 400084 400084748433
1440750796875 1440750 796875 796876 440750 440750796876
1502016868352 1502016 868352 868353 502016 502016868353
1569466945387 1569466 945387 945388 569466 569466945388
10" —1=37-11-239-4649-909091
101010101010100 | 10101010 | 1010100 1010101 | 0101010 | 01010101010101
133333346666667 | 13333334 | 6666667 || 6666668 | 3333334 | 33333346666668
148484848484847 | 14848484 | 8484847 || 8484848 | 4848484 | 48484848484848
10" ~1=3%-11-17-73-101-137-5882353
10" -1=3*.7-11-13-19-37-52579-333667
10*° —1=3%-11-41-101-271-3541-9091- 27961

100---00| &[00---00| =100---0000---00 =10*" =|100---00*|-|00---00

. n{g0 nfg0 2n4E0 n{g0 nfg0
E DA °

00---00|&|00---001| = 00---0000---001=1=|00---001° |~{00---00
— - —

——

nf80 n{A0 2n180 n480 n{A0
AleE,(10") #2110 € E,(10") » fe3b1 R 107" % R F 3%t -
AU CHEXETHRTHERAITHERT T EBRAK -

ABGEZERXEARTH EBRBART B AZR > e T PAFayEE XD -
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(£) UCHERETHENIRHFFEBRHBZIALER (M=)

=+
PR —

NO

bv? _ a’Qﬁ}\C’

a’ - b’EAC

g R &R
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B R R
10" a—(b?+b)=0 b ~10",b+1
(=) E,(r)wstsssmrmg: | artb w0=h L lab)elanionbrl
a+10" - — (B =b)=0  |(a' b)) (d'+10",5'~1)
(1) A&RAET 4L
{r:m““’g““} {51:25-102[‘°gb]+b2+b {azs-lo“"g”]+\/71

s , = , )
rzlo{[logb]-H} 52:25'102[logb]+b/2_b/ a’=—5'10[l°gb]+\/72

(2) RmFHERRBZEN  RFEFh b B 5] - ZHHHE |
B#EN,=a-10"+be E,(10") » BlH N, =(a—10")-10"+(b+1)e E,(10") » Bi% 2
N,-N,=10"~1 -

(a) aftad 2 £ FBRRAHE R AV L HEGaRd EEZRHY > Bafld 2
EBREEENI" > BRrafid itk Ea—a =10" -

(b) bbb 2 % AR ERafad Fh > HESDAY AR RHEE > BbAD 2
EORHMEE] ) ERpb Y YA —b=1 -

(¢) N,BiN, BHESE,(10") ¥ » BIARFF £ BRI B EHLT
OB ad MAIBY > Bafd By AL S 8T PR ESH{0.4,6) -
QLB D LD AT BIBBKRTE > £ A AIBE > R b D 8BS

2 F A EA N Z{0,2,4} $2{0,6,8) s b b A FEE B b Eb (E
B3 2 B F PR AL 5,7.9) #2{1,3,5]) -
O N, 8N, B4 B B F T R R 1R{0,2,4,5,7,9} {0,1,3,5,6,8} -

( =) PUZZLET 163 (The Difference of Two Squares ) & Hi@% : % F34 F BB K4 F 2 42 X 55
#include <iostream>

#include <cstdlib>

#include <cmath>

#include <fstream>

using namespace std;

fstream outFile("bpap.txt", ios::out | ios::trunc );

int main(){
long long int bp=2;
while(1){
int x = bp%10;
if(x!1=2 && x!=4 && x!=7 && x!=9){
int digit = ceil(log10(bp));
long long int del = 25*(pow(10,2*(digit-1)))+bp*bp-bp;
double D1 = sqrt(del);
long long int D2 = sqrt(del);
long long int ap = -(5*(pow(10,digit-1))) + D2;
inty =ap%]10;
1f(y==0lly==4lly==6){
if(1(D1-D2>0)){
cout<< "b'="<<bp<<" a'="<<ap<<endl;
outFile<<bp<<" "<<ap<<end];

bp++;
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}
system("pause");
return O;

}

#include <iostream>
#include <cstdlib>
#include <cmath>
#include <fstream>
using namespace std;

fstream outFile("ba.txt", i0s::out | ios::trunc );

int main(){
long long int b=1;
while(1){
int X =b%10;
if(x!=1 && x!=3 && x!=6 && x!=8){
int digit = ceil(log10(b));
long long int del = 25*(pow(10,2*(digit-1)))+b*b+b;
double D1 = sqrt(del);
long long int D2 = sqrt(del);
long long int a = (5*(pow(10,digit-1))) + D2;
inty=a%10;
if(y==0 Il y==4 Il y==6){
if(1(D1-D2>0)){
cout<< "a="<<a<<" b="<<b<<end]l;
outFile<<a<<" "<<b<<endl;

}
}

}

b++;
}
system("pause");
return O;
}

(Z) AP T E2BRENARETEAZ
(1) MPFERRABLTERAELABIBMAARABUNY TR F ERARBET R4 M
Fd o REAIBMUAN LI A 1301 # st m-FF EZBRUZ LI To  HFF
ERBABTATE LT BH > BAZRHFHAN | BERHNHHOB.D)  BEAF
HH(a,d) ABRBAHLELHORT T ZBRY (a-10" +b)Fo (a" 10" +D") = MF 7 £
BRABARZUEA BT RITHEFRAMN I MG R > EmBEE T EEELR -

log (10%) 2 3 4 5 6 7 8 9
e 1 2 3 7 15 28 31 37
log (e)
— < | 0.000 0.100 0.119 0.169 0.196 0.206 0.186 0.174
log (10%)
log (10*) 10 11 12 13 14 15 16 17 18
e 40 47 60 77 79 83 86 103 130
log(e)
———~ | 0.160 | 0.152 | 0.148 | 0.145 | 0.130 | 0.128 | 0.121 | 0.118 | 0.117
log (10)
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2) MPEFZBABFAVROESINEFLABARR YU S HEE T 2#HD > CHAERE P
BEEN BACMOBESAE T3, RERVY - RERTFFEBEREE %)
P10 R F EBR B AR LB BA

log(e)

1—k< 0.207 -
og(10™)

(w) ABHMBMMNSR-E,(10") 9@ F-FF 2 £ (http://blog.plover.com/math/excellent.html )
(1) B—FRARTHFEZBRBRABEALN T L (BESEHMHZFHGERELR):
b(b+1)s 4b(b+1)+1=4a(a-10")+1=4E(a)+1
{b'(b'—l)(:)4b’(b’—1)+1=4a’(a’+10”)+1:4G(a’)+1
REBRETFFE BEBEARAREMES A ERIE(A)+1824G(A)+1 > #4%

B+%=%«/4E(A)+1 B>JE(A)—%

= ;
B’—%z%«/4G(A’)+1 B’>./G(A’)+%
HBEB HHREA)BGA) ) F IR mBpEANERF LB THE
E(A)=B*+B
{G(A'):B'Z—B’ 0
(2) HHERMEERERX Y afid yEMBF A6 ?ETA4E(a)+1BAG(A)HI AT AHZE
FH B REZRKFIE,(10") ASR-E,(10") » AP afiad ehBss2{0,4,6} > M
b b ey B4 B F 5 %)% {0,2,4,5,7,9} #2{0,1,3,5,6,8} - 10>"-1#2 SR-E, (10") &

BAEEME - 107 — 1S RB MR ELREGNBAEERBATF 22 R M FREGHEX
ERLBREBTRBMT BIE () Fabffitd] miF o

(£) M0 -1 SR-E,(10") sy MM R & E, (10") sy BB i XK 5
HH5enEEFI0" -1 FBwdkt 1y F R AFLETRAERRZ RBOMER

A AHFFEORBRESLALIRHEHY—F T ZEHORAEZHR AR T T ER
RELFLEGGESE  RARRAMAONRE  HEHSLABRLEZHTHE -
(1) BA10*" -1 TRRPERBZ RAE > Dol g g BB THOMR » 8T H T
BRAmEAS T RIEHEZ R EHETRK 107" -1=(m*—n’)(u’>—v?) - BF
10" —1=(mutnv)’ —(nutmv)’
{(a:b)’ H(NZ,N,Z):((102"+h-10"+k—1) ’(—102"+h-10”+k+1)j ’
(d',b) 2 2
MR EHEHEERRELEXERIFT N THREAE T Sab#f i 5] MmiF |
(2) T4
F={ (m,n,u,v) ‘102"—1=(m2—n2)(u2—vz);nu—mvzl,mu—nv=10" 0} J
Hbm>n2l> %Ru>v2]l > ThREG—AHFRAETENLE () FAZHFHE
FEUEFE > BTHFSFEANERIMAR > £ E,(10") k442 F|@ - 8l
EEBHSMARTA 2| F|AHKX #HEE2HHBRZLRBANELI -1 HRmaTy
EZRBAFTEHELE

16



12~ A EER

(—) GAaERLEABRGR-TFF £EB/BREL !

M — T RFE(m,n) & (u,v) B E R EBRBEZHT -
n (m,n) & (u,v) (a,b)=(mu,mv) (a’,b))=(nv,nu)
k+1 2 k+1 2
k+1 (u,v)=(2,1) ME E2(10k+1) ME E2(10k+1)
4k+2 4k+2
2k+1 | (myn)=(7,4) %E E,(10%) %E E, (10%)
4k+2 4k+2
2k+1 (m,n)=(10,1) 100(1(9)9 1)€E2(102k“) Me E2(102k+1)
Bk+4 Bk+4
ak+2 | (m.n)=(67.34) 4489 (10 1)€<E2(104M2) 1156(10 1)e‘E2(104“4)
3333 3333
6k+3 2 6k+3 2
6k +3 (u,v)=(8.,1) %e E,(10%) %e E, (10°%°)
12k+6 12k+6
6k+3 | (m,n)=(127,16) 1612910 De E,(10%7) 256(10 1)6 E,(10%7)
15873 15873

(=) GAEBRZEELHBUZEINRF T EZARBRALEH S AKX |

WH = BE R RS Eiey E,(10") R SR-E, (10") -

)
—,— :>
33

(1) % ke NU{O} > RIg# ¥ (N,,N;)=(147.48) 64 SR-E, (10" ) X %
2-10""'+1

(2105 +1)? _(4-10“42]2_(

3 3

2
3 j

(10"142)? _(2-10“#4 2_(10“42)2

3 3
147 48
13467 3468
1334667 < 3340668

33346668

133346667

16 28
_’_ :>
33 33

(2) ke NU{0) » Rl (N,,N;)=(147,48) 48 Bias SR-E, (10™") X A

33 33

49(10%+2_1) _(4910”‘“—28)2_(

16(10%+-1) _(28-10”‘“—16)2_(

2810249’
33

o

16-10““—28}2

4848484 8484848

14848484 8484847

33 33 33
147 i3
1484847 484843
14848484847 << 4848484848
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1156 2278

[

(3) % ke NU{0} » Al EH (N,,N;)=(100, Ql)*ﬁf’ﬁﬁéﬁSR E, (102"“)%&7%
100(104k+2—1) 100-102k+1—10 3 10-102k+1—100

( 1 10) 99 99

—— =

99 99 (104k+2 1) 10 102k+1 2 102k+1_10 2

010100 010101
10101010100 - 0101010101
101010101010100  01010101010101

(4) ke NU{0} > A4 (N,,N;)=(13467,3468) 4a M 84 S R—E, (107 # X %

J=

2278104 —
3333

4489-10%* -
3333

4489 (10%+*~1)
3333

2
4489]

=

o

333373333) | q156(10%-1) (2278-10%2-1156) (1156-10%—2278Y
3333 "( 3333 j'_( 3333 j
13467 3468
1346834 683467 346834 683468

=4
13468346834 6834683467 3468346834 6834683468

(Z) BAFRLGRTFH ERRBRALE A MM A TEHRT |

R B i L

ME=: SR-E,

(10°) S 246 6y WAL - Len (éj%
B A TR B R AT BRI - A B TR 5 18 AR S K, |

#* ke NU{0} >

#EAE,(10°) ¥ ey R E 4K (N,,NY) > A1 (1016127,016128) £ 44 89

za‘ﬁw%(— gj ST AT AR Rl 6g S R-E, (10°7) #t X &

(g% é%j (01”5873,0126984)
3 2
1016127 =819 +D" 191621272 E, (10%)
= (10° +8)2 O
016128 =———"2_=1282-016%€ E, (10%)
= 63
6k+3 2 6k+3 2 6k+3 2
N2:(8 10%7+1)° (64107 481" (8:10%" +1)" E,(10%%)
63 63 63
:> 106k+3 8 2 8 106k+3 64 2 106k+3 8 2
N/z :( + ) — . + _ —+ c E2(106k+3)
63 63 63
N,e E,(r) a b b a N,e E,(r)
1016127 1016 127 128 016 016128
1015873016126984127|1015873016|126984127]| 126984128 015873016 [015873016126984128
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() TRLEXYRHPFF EBRHREE G Hfaieg s EEE7T

WHm: SR-E,(10° );%ﬁli%ﬁﬂéﬁl%ﬁ b Len( 256 j:

15873 15873
Rk 4% A AR AR R N e B L 0 A B TR BB A AR By AR

®ke NU(O) » # &4 E,(10°) P ey u k& (N,,N;) > RI(1016127,016128) & &4 A4

256 2032
EHH ——,——— | THFHEAAMYSR-E,(10°7) # KX 4
A jL(15873 15873) T ! (1077
(—359—,2932{)=((1016128,0128016)
15873715873
6
16127 = 16129410 1)-10162-—12726‘E2(103)
lolel2 15873
- 256(10'%°—1) °
016128 = =128"-016"€ E, (10°)
= 15873
16129(10™°~1)  (16129-10%-2032)" (2032-10%*-16129 " hs3
, = = - e E,(107)
15873 15873 15873
=
12k+6 _ 1) 6k+3 _ 2 106k+3 2
)J;::256(10 1) _(2032-10 256) (256:10 2032 e E,(10°)
15873 15873 15873
N,e E,(r) a b 4 a N,e E,(r)
1016127 1016 127 128 016 016128

1016128016128016127|1016128016|128016127]128016128 016128016 |016128016128016128
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(B) WEH
H &

Baym - £ BREASE B A8 60 B 45

%‘ ﬂéﬁ%ﬁﬂ%ﬂi (I)-

A R E B R A 3R B

B RAA BT F EBRABEE TR F oA EH R E R N BB (D

(m,n,u,v)

q q

+2

3

2,1

33

(210k+l+110k+1
(14

7,48) —(13467,3468)

— (1334667,334

668) — (13334666

58

8-10%* +1 10%* +
63 T 63

u)

(&6)
63’63

(1016127,016128) — (1015873016126984127,015873016126984128 )

+17

17-10°% +10 10-10%*3
189 ’ 189

,I_,MJ

(m @j
1897189

0.529100
0.899470

(1530900,530901) = (1529100530899470900,529100530899470901)

19-10%* +8 8-10%* +
297 ’ 297

,12,§J

(ﬁ 2)
297297

(1216512,

13216) = (1215488216511784512,215488513511784216)

6k+3 6k+3
(20 10 —F7’7 10 4-20’29,ZJ

351 351

(ﬁ m)
3517351

0.139601
0.398860

(1140399,140400) — (1139601140398860399,13960114039

8860400)

+24

24109 413 13.10%*
407 ’ 407

,2_4,Ej

(@ ﬂj
407 407

|
|
=
|
|

(1416767,416768) — (1415233416766584767 415233416 766584768 )

+25

25-10% +12 12-10%*
481 ’ 481

,2§,l2J

(& @j
481’ 481

0.299376
0.623700

(1300624,300625) — (1299376300 623700624 ,299376300 623700625 )

+86

86-10%* +13 13-108%+*
7227 7227

,§§,L§J

169 1118
7227 7227

0.02338453
0.15469766

(102341547,02341548) — (1023384530234 154697661547,023384530

234154697661548)

+87

87-10%** +14 14-10%+*
7373 ’ 7373

,&,1_4}

196 1218
7373° 7373

0.02658348
0.16519734

(102661652,02661653) — (1026583480266165197341652,026583480

266165197341653)

|

220-10%* +83 83-10%** +220

41511 ’ 41511

,229,§§J

6889 18260
41511 41511

0.16595601
0.43988340

(116604399,16604400) — (1165956011660439883404399,165956011660439883404400)
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- BAHPFLORFTEZBARBREL G HAR MBI B A 500 A T ECH o BB

=

RS
HE AR A (ARAE) MBS (u,y)  BREEHE T2
&|(nu)| »

(nu)*—(nv)*=(nv)-10" +(nu)=|(nv)

u-10"+v v-10 +uj%ﬁ)—?i%‘§i)—?¥a‘ )

E—“F'(m,n):( ’
() o AR
2o mo)
'E?‘I"Len(v—z}Len(”—vj:zt o 3 ke NU{0} » B
q q
) ~{ A W)y

2
u

N, ={[B][B]---[B][B][ (n)

_{(V_l()(zkn)r_i_u)z}A 210D 4L, &

MV‘10(2k+1)T+
q

q
& 8] [B][E] o |
V- {[ElE- EE ]

uV’10(2k+l)t +V2

q
:... (nv)
.- (A A

_{(l/t.l()(21c+l)t_i_v)Z_A u2.10(2k+1)t+uv &
q

q i q
=1[a][a]--[a][A][ ()] &[B][B]---[B] [B][ (nu-1)

éiNZE E2(10(2k+1)1)ﬁ_N’2e E2(10(2k+1)1)
v210 +uv
TH

(2) A& (1) 4% - =
my—1=4" +v _1: my=|T+1
q
(nv-1)|&| (10" —mv)
(10" =nv)

=0.

0[A]=0[s]&[10"=(T+D)
0[B]=0.[T]&[10' = (s+D)

BS|R[T]|wEAEE H1ir -
B—E,(10") : BTN £BRY > #FHHIR[A|R[B| A (N, N,) 2 kfamb
: %

BHFE AN, N)BBETAFOREBRICRGBR I ROB T A E LM
HAN,-N,=10"""—1 o (4w )

=0.|(mv-1)|&

GRMTaRERT EE OR) Fobhlt s mig
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() &

7( - |,
u'u

A& E B e e (1) -

R EBRBREE B RARUE B B4 A 4 A IR I R A AE 3R

S g A0 R £ B R B

L X R FOR BB R GEAER B2

g (1)

(1|§I

2
(m,n,u,v) (n_@j
p p D
7 4 7'102k+1_4 4'102k+1_7 (E ﬁj &
=’=’ 33 ’ 33 33733 0.84
(147,48) — (1484847,484848) — (148484 84847, 48484 84848)
0 | 10-10% —1 107 -10 (1 10) 0.01
==’ 99 99 99’99 0.10
(100,01) — (1010100,010101) — (10101010100,0101010101)

I

(L,

127-10°* -16 16-10%* —127
’ 15873 15873

( 256 2032}

0.016128
15873715873

0.128016

(1016127,016128) — (10161280161

28016127,016128016128016128)

57-10%%% =20 20-10%*

=’ 2849 ’ 2849

1%

| -

(1140399,140400) — (1140400140400140399,140400140400140400)

5'106k+3
21

It

’2’

|

-2 2-10%*_5
’ 21

0.140400
0.400140

400 1140

2849° 2849

( 4 10) 0.190476
21°21 0.476190

(1190475,190476) — (1190476190476190475,190476190476190476)

2 11‘106/(-%—3 _2 2.1061(-%—3
=’ T

r

—-11
117

4 22

i

( 0.034188
1177117 0.188034

(1034187,034188) — (10341880341

88034187,034188034188034188)

53 . 108k+4
2409

(2,2=o,

—20 20-10%+*-53
’ 2409

400 1060

( J 0.16604400
2409 2409 0.44001660

(116604399,16604400) — (1166044001660440016604399,166044001660440016604400)

(85 > 85-10%** —52 52-10“*4—85J

4521 4521

(

2704 4420)

452174521

0.59809776
0.97765980

(159809775,59809776) — (1598097765980977659809775,598097765980977659809776)

O

19,1

o0

|

119-10%* -18 18-10%** 119
’ 13837 13837

( 324 2142)

1383713837

0.02341548
0.15480234

(102341547,02341548) — (1023415480234154802341547,023415480234154802341548)

—

1

oo

9

|

IS

118-10%* -19 19.10%** 118
’ 13563 13563

361 2242
1356313563

0.02661653
0.16530266

(102661652,02661653) — (1026616530266165302669775,026616530266165302661653)

IR =

FTRERRT T ZBRABREL A KA BI A A E BB
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TR EH (EARMR) BB (m,n) » BRERBHLT £
(mu)>—(mv)* =(mu)-10"+(mv) =| (mu) | &| (mv)
(nu)’=(nv)* =(nv)-10" +(nu) =| (nv) |&| (nu)]
%#(u,v){”"'lot’”,”'lot‘mj%%vﬁ@mﬁe
p p
(1) &&45TH TR EHH
n2
=) (o]c].ofE])
E}‘I’Len("—zszen(@jzh o %k ke NU{0} - A
p
v.={[Cl[c] - [C][e][en] } ~{[I[D]- [B][B][ean] }
:|:m2(10(4k+2)t—1)_£ m210% D _mn N mn-10@Dr 2
J p p
- i[G[C)- [ «[B][o]-- [B][Bl [
,={ [B][B] - PID][xo] } { [ [Cl[C][em] }
:|:n2(10(4k+2)t_1):|£ n2_10(2k+1)z_mn N mn_10(2k+1)t 2
p p
~[O[c] - [l «[B] ) (D] B] [
#N,e E,(10%Y") B N, e E,(10%*") -
2.101‘_ L
v == —=[X] 0.[C|=0[x]&[Y]=0](nv)]&[(nu)
= ;
0.|(nu)|&|(nv)

D
WZM:
p

(2) & (1) RiE
> 2% ke NU{0} >

B[X]|&[Y]ekEY A1

RlA

10CHDILX Y&X Y&X

2k 48
=1[c][c]--[e][c][aan [[mv)]
X 1)

X&Y X&Y

X&Y X&Y

éiN c E (10(2k+1)1‘).a_1\,’2e E2(10(2k+1)1‘)
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0[D]=0[Y]&[X]=

[€1[c]- [ [c][enn)]

515 [5[5][cnv]

5][0] - o]} 0]
{ Y&X Y&X Y&X Y&X } { X&Y X&Y X&Y X&Y
2k 18
< 7] D][o] - [ ]
X Y&X Y&X Y&X Y&X
(2k+1)18
X&Y X&Y X&Y X&Y X&Y
L@ E - A} -
X&Y X&Y X&Y X&Y X X Y&X
2k18

1}

}

Y&X Y&X




BoMRE,(10") TR & XM £ BRI RAEYHIR[C|®[D] B (N, N,) 2k &iad
BFH AN, N, S R A ARG TR N s ST B4 5 T R HE R
T e mER T B OF) Futifits miF > BAN,-N, =101 o (fskm)
PRl — AR MBS H T T £ BRYBAL B BRMAHKX (r=10")

N, :E&@:b'z—a'z =d-r+b
2

’ n 7
(NZ’N2)<:>? (Nz’Nz)

(147, 48)
16/33=0.48
(13467 ,3468)

1156 /3333 =0.3468
(1016127 ,016128)

256/15873=0.016128
(1034187,034188)

4/117=0.034188
(1140399 , 140400)
400/ 2849 = 0.140400
(1190475 ,190476)
4/21=0.190476
(1216512, 216513)

729/3367=0.216513
(1300624 ,300625)

625/ 2079 =0.300625
(1416767 ,416768)

1024/ 2457 = 0.416768
(1484847 , 484848)

16/ 33 =0.484848
(1530900, 530901)
2809/5291=0.530901
(102341547 ,02341548)

324 /13837 =0.02341548
(102661652 ,02661653)

361/13563=0.02661653

(484848,1484847)

(346834683468 ,1346834683467)

(016128016128016128,1016128016128016127)

(034188034188034188,1034188034188034187)

(140400140400140400, 1140400140400140399)

(190476190476190476,1190476190476190475)

(216513216513216513,1216513216513216512)

(300625300625300625 ,1300625300625300624 )

(416768416768416768,1416768416768416767)

(484848484848484848,1484848484848484847)

(530901530901530901, 1530901530901530900)

(023415480234154802341548 ,1023415480234154802341547)

(026616530266165302661653,1026616530266165302669775)

RIE— -~ BB _RERT T E2BRABABETAFOA BRI RGABR N BAZERT o8
BB 2 REBERG I BT S AL MR ESHT $ > a1 7] 69 XA AR H
FABR BT THEEBAMARINZRFEF T LEHRHEE A THEHNE - TE—F
Ry AR —HEAEEAAMB R EBRBZEH A (MER)
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() B8 = ZEHARBREEANAB A SO A ERHAAMB ) CE Mg = o

BEHARBEALYMMO R T HF LBRBRAL G AKX (R=r®)
P IR LA A A R R AR A e R — R R = (M%)

[a]&[b]|=|a’-b*|=a-R+b= R*~1=(r**")* —1=(m*=n*)(u" —v*)=p-q

nu—-mv=1,mu—nv=r* =R m>n>1,u>v>0,ke N

(a,b)=(mu,mv)BEN,=a-r*V+b=a’-b> YL ¥E# M= N, E,(r*")
(a’,b)=(nv,nu) BN, =d - r®V +b'=b" —a? YL ¥ # M= N, E,(r*")

(m,n,u,v)
m2_n2‘r(4ki2)_1 uz_vz r(4ki2)_1
( m-r D n'rukil)_mj (M'F(Zkil)-l'v v kD j
m,n, , s S u,v
p p q q
(a,b)=(mu,mv)
(mZ'r(Zkil)_mn mn-r(Zkil)—mzj (MZ'r(Zkirl)_i_uv MV‘T(Zkil)‘FVZJ
p ’ p q ’ q
2 2 2
R -1 R+
{M}EZ(,{) {u}dz(m
p q
(a’,b")=(nv,nu)
(HZ.r(Zkil)_mn mn'r(Zkil)_nZJ (VZ'r(Zkil)_i_uv MV'T(Zkil)'i‘MZJ
p ’ p q ’ q
2 2 2
R -1 R+
[Lqem) {u}dm
p q

(N2 _N/2 — r(4ki2) _1 — 102(2ki1)n

—1=R*-1,R=r""")

(a) RE—LRIE =2 bk
B4 ) kAR 3R

AL AR L8 2R B 2 A

w AL

I Bp

A T J4F R A IR HAL B AL TR B e BB R4 R R e
B B AUE () sk mig -
B4 BT TP Lk BB IR B

KOV

wa ‘g ek

At (&) F3eg () ¥
ZWAHFE HEELIHHPBIRNT I EBABR
R HmmK - %ke NU{O}» BIN, BN, B E,(r®)  RELRHE — BT AFIE

BT B H AT zHF e AL

HEWRSIF S THSR-E,(r) S R-E,(r) R ILA TR0k AL HF I -
FAEZER  BRRAERBRERIL A B BN B
BkeN » & S A Mo 2k+1 58 RIEEH A RRIE > T
r=10"= R=r" = = (10" )**"
{SR—EJMV):>SR—EJMW”) ’
EHIE — B R AR N BK - - RRE X ERAR TR THRARD
EH @K SR-E,(10") 9REBN, KN, Rt En=1Rv=18 > HFF £ AR
LB T A EMCRAIEE RS BR R T B S FE B
(c) BACHERHAME - HE - - ME=ZfREw - $ahPr2BAAAMOE T
ARSI B TH G LB G 28T $RRFHSR-E,(10") sy bt ¥t >
SRR RO R S AR © TR SUL 8 Rdi B R AR
) B 5] -

(b)
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e ~

sk
R

~

R KRR T )
(—) gk B4R ﬁ%ﬁ%d%ﬁ%%%m%ﬁéﬁﬁ%
REFLSBERORBRIANLE -
(=) MPFTEBRBBREHZ - %%ﬂ%ﬁ(% ) AR BRI REA Z F o Bw L
(Z) R FFEZBRABZARRE  MPFFEZBRABEE MFFFH ~ ek 7] - ZAHAE -
(@) BB TRIEFLEBRBAAF OB A EEEEREIER R Z5 0 BBy M -
() BH6FH - FTHEH-_RXHE=> R0 BERTFFTEBABRAEL A BB ER BN -
(X)) BHARBETHELRTF ZBAHME Bfae# X
BB =ZFRNABE A FNAEHH AT ) €3 — L g 3¥ = o
(£) RC+H+EKXEBTIUTHFLF - %&%mﬁ%ig%m$ﬁéﬁ%&ﬁﬁﬁ%%ﬁﬁﬁe
(N) BEGHREREREL 5BEXMFEREME ’%%m%%%i%m%ﬁ%%%%o
() BERBEGHIM T BB L ER W%?ﬁ%%ﬁ%d%%ﬁ%%%ﬁ%%“
(+) AEAMY R RERRZ R TR TRFAESDNEEE > PRI — X BHul o

63=6>+6-3+3*,13=12+1-3+37%,---
'Wﬁul{[]&[]‘aziab+b2=a10"+b}:> 2 i 2 o
48=4"-4-8+8%,147=14>-14-7+7%,---

2EEHEEA

(1] &> 24 TRAREFIEG —BHFLHAGHRLEEHRERT
ZOOZ24BABRMRBEMRGEAIE AL EEHEHFT4 > 2003 508 A -
http://science.ntsec.edu.tw/ezfiles/4/1004/attach/68/2003005.pdf

(2] %R R - SR AE B B BB 5 4 - ) Fo by BB 5 AR
FZREEFZRMEE S MEAARZHFT AL E > 2004 F11 A -
http://www.mxeduc.org.tw/Science Award/3rd/doc/SA3-119.pdf

[3] = % % - Kaprekar Numbers #t & & &) A 3L -
%@ﬁﬁ’*%ﬂﬁﬁﬁ &R 0 2280 B 59-74 > 2006 4 06 A -
http://www.hkame.org.hk/html/modules/tinyd2/content/Edumath/v22/11WongCW_Kaprekar.pdf

[4]) AIf van der Poorten, The Hermite—Serret Algorithm and 12% +337,
Proc. Workshop on Cryptography and Computational Number Theory (CCNT’99),
(National University of Singapore, 22-26, November, 1999),
K.-Y. Lam, I. E. Shparlinski, H. Wang and C. Xing eds., Birkhauser 2001, 129-136.

[5] AIf van der Poorten, A Curious Cubic Identity and Self-similar Sums of Squares,
Mathematical Intelligencer, Vol29, No.2, 2007, 39-41.
http://web.science.mq.edu.au/~alf/SomeRecentPapers/174a.pdf

[6] B. Suryanarayana Rao, A Certain Type of Number Expressible as the Sum of Two Squares,
Mathematics Magazine, Vol. 57, No 4, Sep., 1984, pp. 236-237.
http://mathdl.maa.org/images/cms_upload/Rao29485.pdf

[7] John Brillhart, D. H. Lehmer, J.L. Selfridge, Bryant Tuckerman, S.S. Wagstaff,

"Factorizations of b" t1,b=2,3,5,6,7,10,11,12 up to high powers." 3rd ed.,
Contemporary Mathematics, Vol. 22, American Mathematical Society, Providence, RI, 2002.
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R FARAZ Al BB R A G 2 &R B 7 [1] F A7 3k 49 Concatenating Squares » 48 547 $iL
WmE T EBRRBAAMBOFEBMAL REF S EHAIMENGA TS BRATATRA 6 B B 5
HRR > WM AT I BRBAR T T EZBARUNERE 2R > SB0HARAARK BT AIITZE
A ERINERBIAGRANABLYE > FBREHBEZ E2OERERRF S 2By @K -

WER TS £ BRBES TR EEARAER B MBI R B LA M R A REIE TN
HE ARG EHSRX - SATRRTRF T EBRBZAHERE GRR]) RERBFRAE
AP AP 6 He SR SLABIRIE o

BREFH KRG RAR > RN BYRER AT RA 6 B35 MBS 24 IR MR
AR R-FHEZBRRABZIERSAR  EMoym TPy 2BABEFTAREZEAMOME - TER
FEHARZEMN  FENER  BAORE BRI A PRI AR TS EBREEET
FIEH AR B A o

FRBER CEBARERERIAMOYO KRR EHMAZ &R TR LR E—F A RATE S 6948
BEE e S RIAMESHBEAKXR X2 ERGHENG (Eekusm) L PxE
B MG AR R AT LR B IR RA] -

Thank you for your attention |
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wFEF EBRE (A& EHF - Amazing Numbers Game )

A Certain Type of Number Expressible as Self-similar Difference of Squares

593"~ 216%= 216513
...

http://www.puzzlet.co.uk/Puzzlets/Graphics/Puzzlet_163.gif

45— R 46 22 8k B R

Mék— @ RPI B oA r £ BREZFEEE
M= Y EBAHBZ LR £ BHRK
M= - CHHREABTETHERMEMYFZER
kv - ST ARBHELSORTH £ BRI
MékE BT AERAAMB SR EBAK
Mékos P BREMARBRESHEEL A Hfa M ey
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ik — @ kP B M R HF EBREZEEEME (r=10") (n=8,9)

@&@:‘az_bz‘:a'r”’ r’=l=p-g=(m’-n*)(u*—v?);nu—mv=1,mu—nv=r
riol=ht=k> (a,b)=(mu,mv) (a’,b")=(nv,nu)
h k (p,q) (m,n,u,v)
10"°—1=37-11-17-73-101-137-5882353

109625668 44919785 (187,53475935828877) (14,3,7486631,1604278)

120915032 67973855 (153,65359477124183) (13,4,8496732,2614379)

122816400 71301249 (17825311942959,561) (4456328,1426025,25,8)

166666668 133333335 (3333333333333333,3) (66666667,33333334,2,1)

10®-1=3*-7-11-13-19-37-52579-333667

1020202020 202020201 (99,10101010101010101) (10,1,101010101,10101010)
1031746032 253968255 (15873015873015873,63) (126984127,15873016,8,1)
1032256032 256032255 (15873,63000063000063) (127,16,8001008,1008001)
1044959940 303218199 (12157906894749,82251) (3525793,522790,290,43)

1062378168 358674465 (1949317738791423,513) (44834308,7797271,23,4)

1067626068 373932375 (117000117000117,8547) (10998011,1989002,94,17)
1068376068 376068375 (117,8547008547008547) (11,2,94017094,17094017)
1073653968 390810495 (1461537,684211210527) (1231,232,842264,158737)
1110464532 482836905 (14368435421067,69597) (3893846,890843,271,62)

1125498932 516476375 (10773,92824654228163) (107,26,9932238,2413441)
1154260680 576470049 (1727271,578947947369) (1364,365,789685,211316)
1155141068 578230825 (192982649123,5181813) (456018,122351,2363,634)
1165932832 599499265 (11583,86333419666753) (112,31,9669343,2676336)
1206991680 675891201 (23199,43105306263201) (160,49,6896849,2112160)
1230440968 716927455 (1422475106685633,703) (39829303,12802276,28,9)
1268342620 780187799 (228070403509,4384611) (508597,174930,2230,767)
1279202280 797720799 (2849002849002849,351) (56980057,19943020,20,7)
1280800280 800280799 (2849,351000351000351) (57,20,20007020,7020007 )
1292397660 818713449 (171,5847953216374269) (14,5,81871345,29239766)
1337308968 887916255 (27417,36473720684247) (179,68,6528796,2480213)
1379050380 949620951 (21000021000021,47619) (4998005,1995002,238,95)
1380952380 952380951 (21,47619047619047619) (5,2,238095238,95238095)
1430976432 1023569025 (3367003367003367,297) (63973064 ,26936027,19,8)
1433026432 1026433025 (3367,297000297000297 ) (64,27,19008019,8019008)
1451579400 1052180001 (22578969947391,44289) (5260900,2257897,233,100)
1483903360 1096343551 (16929,59070234508831) (145,64,8565184,3780495)
1543702332 1176017385 (2714283,368421421053) (1858,859,684527,316474)
1598752600 1247401249 (2079002079002079,481) (51975052,24948025,25,12)
1664003332 1330002665 (333333666667 ,2999997) (666334,332667,1999,998)
1666666668 1333333335 (333333333333333333,3) (666666667 ,333333334,2,1)
1669336668 1336669335 (333333,3000003000003) (667,334,2001002,1002001)
1830466832 1533169535 (2457002457002457 ,407) (58968059,31941032,24,13)
1833536832 1536833535 (2457,405065622447447) (59,32,23972704,13024013)
1936395040 1658199551 (4921,203210729526519) (85,48,17272912,9754115)
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1966306968 1693033695 (33000033000033,30303) (6996007,3993004,212,121)
1969696968 1696969695 (33,30303030303030303) (7,4,212121212,121212121)
2058201060 1798941801 (5291005291005291,189) (89947090,52910053,17,10)
2061803060 1803061801 (5291,189000189000189) (90,53,17010017,10017010)
2145890832 1898643585 (4052635631583,246753) (2524792,1523791,623,376)

1020

27961

—1=3%-11-41-101-271-3541-9091
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fitak =

YA EAHE 2R EBRE (n=8,9)

Ey(r)={[a]&[b]||a’~b*|=a-r+b},r=10"=N,-N}=r> -1

N, =E&@=a2—b2 =a-r+be E,(r)

N, =&=b’2—a'2 =d’-r+b'e E,(r)

N,e E,(r) a b b a N,€E,(r)
10'°~1=3%-11-17-73-101-137-5882353

10481283422459892 | 104812834 | 22459892 [ 22459893 | 04812834 | 0481283422459893

11045751633986927 | 110457516 | 33986927 || 33986928 | 10457516 | 1045751633986928

11140820035650624 | 111408200 | 35650624 || 35650625 | 11408200 | 1140820035650625
13333333466666667 | 133333334 | 66666667 || 66666668 | 33333334 | 3333333466666668

N,e E,(r) a b b a N,€E,(r)
10" —1=3*.7-11-13-19-37-52579-333667

1010101010101010100 | 1010101010 | 101010100 || 101010101 | 010101010 | 010101010101010101
1015873016126984127 | 1015873016 | 126984127 || 126984128 | 015873016 | 015873016126984128
1016128016128016127 | 1016128016 | 128016127 || 128016128 | 016128016 | 016128016128016128
1022479970151609099 | 1022479970 | 151609099 || 151609100 | 022479970 | 022479970151609100
1031189084179337232 | 1031189084 | 179337232 || 179337233 | 031189084 | 031189084179337233
1033813034186966187 | 1033813034 | 186966187 || 186966188 | 033813034 | 033813034186966188
1034188034188034187 | 1034188034 | 188034187 || 188034188 | 034188034 | 034188034188034188
1036826984195405247 | 1036826984 | 195405247 || 195405248 | 036826984 | 036826984195405248
1055232266241418452 | 1055232266 | 241418452 || 241418453 | 055232266 | 055232266241418453
1062749466258238187 | 1062749466 | 258238187 || 258238188 | 062749466 | 062749466258238188
1077130340288235024 | 1077130340 | 288235024 || 288235025 | 077130340 | 077130340288235025
1077570534289115412 | 1077570534 | 289115412 || 289115413 | 077570534 | 077570534289115413
1082966416299749632 | 1082966416 | 299749632 || 299749633 | 082966416 | 082966416299749633
1103495840337945600 | 1103495840 | 337945600 || 337945601 | 103495840 | 103495840337945601
1115220484358463727 | 1115220484 | 358463727 || 358463728 | 115220484 | 115220484358463728
1134171310390093899 | 1134171310 | 390093899 || 390093900 | 134171310 | 134171310390093900
1139601140398860399 | 1139601140 | 398860399 || 398860400 | 139601140 | 139601140398860400
1140400140400140399 | 1140400140 | 400140399 || 400140400 | 140400140 | 140400140400140400
1146198830409356724 | 1146198830 | 409356724 || 409356725 | 146198830 | 146198830409356725
1168654484443958127 | 1168654484 | 443958127 || 443958128 | 168654484 | 168654484443958128
1189525190474810475 | 1189525190 | 474810475 || 474810476 | 189525190 | 189525190474810476
1190476190476190475 | 1190476190 | 476190475 || 476190476 | 190476190 | 190476190476190476
1215488216511784512 | 1215488216 | 511784512 || 511784513 | 215488216 | 215488216511784513
1216513216513216512 | 1216513216 | 513216512 |[ 513216513 | 216513216 | 216513216513216513
1225789700526090000 | 1225789700 | 526090000 || 526090001 | 225789700 | 225789700526090001
1241951680548171775 | 1241951680 | 548171775 || 548171776 | 241951680 | 241951680548171776
1271851166588008692 | 1271851166 | 588008692 || 588008693 | 271851166 | 271851166588008693
1299376300623700624 | 1299376300 | 623700624 || 623700625 | 299376300 | 299376300623700625
1300625300625300624 | 1300625300 | 625300624 || 625300625 | 300625300 | 300625300625300625
1332001666665001332 | 1332001666 | 665001332 || 665001333 | 332001666 | 332001666665001333
1333333334666666667 | 1333333334 | 666666667 || 666666668 | 333333334 | 333333334666666668
1334668334668334667 | 1334668334 | 668334667 || 668334668 | 334668334 | 334668334668334668
1415233416766584767 | 1415233416 | 766584767 || 766584768 | 415233416 | 415233416766584768
1416768416768416767 | 1416768416 | 768416767 || 768416768 | 416768416 | 416768416768416768
1468197520829099775 | 1468197520 | 829099775 || 829099776 | 468197520 | 468197520829099776
1483153484846516847 | 1483153484 | 846516847 || 846516848 | 483153484 | 483153484846516848
1484848484848484847 | 1484848484 | 848484347 || 848484848 | 484848484 | 484848484348484848
1529100530899470900 | 1529100530 | 899470900 || 899470901 | 529100530 | 529100530899470901
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1530901530901530900 | 1530901530 | 901530900 || 901530901 | 530901530 | 530901530901530901
1572945416949321792 | 1572945416 | 949321792 || 949321793 | 572945416 | 572945416949321793
N,e E,(r) a b b a N,e E,(r)

10*° -1=37-11-41-101-

271-3541-9091-27961

L C++42 K,

A =
v o

N=@&@=‘a2—b2‘za-r+b:N2—N;=r2—l

SFUFRHPFTERRE RF P et E T~ ZAHAE
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M= C++RBRAETHERF I EFRAMEAWN T EREEHFLER - £2X48 (1)

#include <iostream>
#include <fstream>
#include <cstdlib>
#include <cmath>
#include <iomanip>
using namespace std;

void outputToFile(int[]);

void output(int[] );

void zero(int[], int);

void add(int[], int[], int[]);
void plusInt(int[], int);

void sub(int[], int[], int[]);
void multiply(int[], int[], int[]);
void runA(int[]);

void runB(int[]);

bool compare(int[], int[], int[]);
bool equal(int[], int[]);

void copy(int[], int[]);

const int MAX = 20;

fstream outFile("result.txt", ios::out | ios::trunc);

int main(){
if(loutFile)

cerr<< "File could not be opened" << endl;

cout<< " H £ BIR B FHEIF P "<<endl;

int bp[MAX] = {0};
runB(bp);
system("pause");
return 0O;
}
void runA(int b[]){
int alMAX] = {0};
copy(b,a);
plusint(b,-1);
if(a[0]%2 == 1)
plusint(a,1);
while(1){
int n = a[0];
int i=MAX-1;
for (; 1>0; i--)
if(a[i]!=0)
break;
if(a[i]!=1){
zero(a,MAX);
ali+l]=1;
}
int ([ MAX*2] = {0};
int dMAX*2] = {0};
int e[ MAX*2] = {0};
multiply(a,a,d);
multiply(b,b,e);
sub(d,e,c);

W A
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if(compare(b,a,c)){
cout<< "found ";
output(a);
cout<< endl;
outFile<<"JIg 5 a=";
outputToFile(a);
outFile<<" b=";
outputToFile(b);
outFile<<" c=";
outputToFile(c);
break;
}
plusint(a,2);
}
}
void runB(int bp[]){ I3 5 X B2 X5
int ap[MAX] = {0};
plusInt(bp,2);
plusInt(ap,1);
while(1){
int n = bp[0];
if(n!=2 && n!'=4 && n!=7 && n!=9){
while(!equal(bp,ap)){
int m = ap[0];
if(m==0 Il m==4 [Im==6){
int cp[MAX*2] = {0};
int dIMAX*2] = {0};
int efMAX*2] = {0};
multiply(bp,bp,d);
multiply(ap,ap,e);
sub(d,e,cp);
if(compare(bp,ap,cp)){
int e[ MAX] = {0};
copy(bp.e);
runA(e);
outFile<<":# & b'=";
outputToFile(bp);
outFile<<" a'=";
outputToFile(ap);
outFile<<" ¢c'=";
outputToFile(cp);
outFile<<endl;
goto stop;

}

}
plusInt(ap,1);

}
stop:
plusint(bp,1);
zero(ap,MAX);
}
}
void outputToFile(int n[]){ B : & o)
int 1;
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for (=MAX-1;1>0; i--)
if(n[i]!=0)
break;
for( ; i>=0; i--)
outFile<< n[i];

}

void output(int n[]){ B : & o)

int 1;
for (1=MAX-1; i>0; i--)
if(n[i]!= 0)
break;
for( ; i>=0; i--)
cout<< n[i];

}

void add(int n[], int m[], int o[]){ B & &

int i = 0,carry =0;
for(i=0; i<MAX; i++){
o[i] = n[i] + m[i] + carry;
if(o[i]<10)
carry = 0;
else{
o[i] -=10;
carry = 1;
}
}
o[i]+=carry;

}

void sub(int n[], int m[], int o[]){ I/ KB A8 R

int i, borrow = 0;
for(i=0; i<MAX; i++){
o[i] = n[i] - m[i] - borrow;
if (o[i] >=0)
borrow = 0;
else{
o[i] +=10;
borrow = 1;

}
}
void multiply(int p[], int q[], int r[DD{ /K #AaFk
int i, tmp, j, carry=0;
for(i=0; i<MAX; i++){
carry = 0;
for(j=0; j<MAX; j++){
tmp = p[j] * q[i] + carry;
r[i+j] = r[i+j] + (tmp % 10);
carry = tmp / 10;

i li+]159)
carry++;
[i+]]%=10;
]
}
]
}
void plusInt(int n[], int x){ IR B o % #
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inti=0;
if(x>=0){
n[i]+=x;
while(n[i]>9){
n[i]-=10;
n[i+1]++;
i++;

}

elsef
n[i]+=x;
while(n[i]<0){
n[i]+=10;
n[i+1]--;
1++;

}
}
bool compare(int n[], int m[], int o[]){
int countA = MAX;
for(int i=MAX-1;i>=0;i--)
if(n[i]!=0){
countA =i+1;
break;
}
int i=0, j=0;
while(i<countA){
if(o[i] !'=n[i])
return false;
1++;
}
while(i<(MAX*2) && j<MAX){
if(o[i] != m[j])
return false;
i++;
j++;
}
return true;
}
bool equal(int a[], int b[]){
for(int i=0;i<MAX;i++){
if(a[i]!=b[i])
return false;

}

return true;
}
void copy(int m[], int n[]){
for(int i=0;i<MAX;i++)
n[i] = m[i];
}
void zero(int n[], int max){
for(int i=0;i<max; i++)
n[i] = 0;

/13 5 e ¥t
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M= C+H+RAETHERF I EFRBAAN T ERE B FER - £2X48 (1)

RXBE2: AP FLEBRAMEANTE (REFF ~abff 7] - ZHEH)

#include <iostream>
#include <fstream>
#include <cstdlib>
#include <cmath>
#include <iomanip>
using namespace std;

void outputToFile(int[]);
void output(int[], int);
void zero(int[], int);

void add(int[], int[], int[]);
void plusInt(int[], int);
void sub(int[], int[], int[]);
void multiply(int[], int[], int[]);
void runA(int[], int[],int);
void runB(int[], int);

bool equal(int[], int[]);
void copy(int[], int[]);
const int MAX = 20;

fstream outFile("result.txt", i0s::out | i0s::trunc );

int main(){
if(loutFile)
cerr<< "File could not be opened" << endl;

int puzz[MAX*2] = {0};

plusInt(puzz,10); /73N fndb A 10 (& =R Ehi48)
intn=2; /1R RALE By 2

runB(puzz,n); [/ BATH R £ BREHF

system("pause");
return O;
}
void runA(int b[], int a[],int n){ IDIE Fr- %y i 42 R 55
plusint(b,-1);
outFile<<"Jg & a=";
outputToFile(a);
outFile<<" b=";
outputToFile(b);
outFile<<" N=";
outputToFile(a);
outputToFile(b);
}
void runB(int puzz[], int n){ 113 534 5 42 X5
while(1){
int k =n/2;
puzz[k-1]=1;
puzz[n-2]=1;
while(puzz[n]==0){
int x = puzz[0];
if(x!=2 && x!=4 && x!=7 && x!=9)
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output(puzz, MAX*2);
cout<<endl;
int bp[MAX] = {0};
int ap[MAX] = {0};
int 1=0;
while(i<k){
bp[i] = puzz[i];
ap[i] = puzz[i+k];
i++;
}
if(ap[0]==0 Il ap[0]==4 llap[0]==

int c(MAX*2]={0};
int AIMAX*2]={0};
int e[MAX*2]={0};
multiply(bp,bp,c);
multiply(ap,ap,d);
sub(c,d,e);
if(equal(puzz,e))
{
int f{MAX] =
int glMAX] =
copy(bp.f);
copy(ap,g);
runA(f,g,k);
cout<< "found ";
output(bp, MAX);
cout<<endl;
outFile<<"i¥ify b'=";
outputToFile(bp);
outFile<<" a'=
outputToFlle(ap)
outFile<<" N'=";
outputToFlle(puzz),
outFile<<endl;

{0};
{0}

",

else

inti=k;

puzz[i]++;

while(puzz[i]>9){
puzz[i+1]=
puzz[i]%=10;
1++;

}

}
plusint(puzz,1);

n+=2;

/1D By N 4% 30

6){

GEEEr

/%R E£FRN

/ /%y B B R

/45 3

puzz[i+1] + (puzz[i]/10);

38




void outputToFile(int n[]){ [/ R E EAER
int 1;
for (1=MAX-1; i>0; i--)
if(n[i]!= 0)

break;
for( ; i>=0; i--)
outFile<< n[i];
}
void output(int n[], int max){ [/ KRB
int 1;
for (i=max-1; i>0; i--)
if(n[i]!=0)
break;
for( ; i>=0; i--)
cout<< n[i];
}
void add(int n[], int m[], int o[]){ // RE A8 o
int i = 0,carry =0;
for(i=0; i<MAX; i++){
o[i] = n[i] + m[i] + carry;
if(o[i]<10)
carry = 0;
elsef
o[i] -=10;
carry = 1;
}
}
o[i]+=carry;
}
void sub(int n[], int m[], int o[]){ // RE A8 R
int 1, borrow = 0;
for(i=0; i<MAX; i++){
o[i] = n[i] - borrow - m[i] ;
if (o[i] >=0)
borrow = 0;
elsef
o[i] += 10;
borrow = 1;

}
}
void multiply(int p[], int q[], int r[D{  // K#A4a
int i, tmp, j, carry=0;
for(i=0; i<MAX; i++){
carry = 0;
for(j=0; j<MAX; j++){
tmp = p[j] * q[i] + carry;
r[i+j] = r[i+j] + (tmp % 10);
carry = tmp / 10;
if(r[i+j]>9){
carry++;
r[i+j]%=10;

ES
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}

void plusInt(int n[], int x){ [/ KRB o EE B
inti=0;
if(x>=0){
n[i]+=x;
while(n[i]>9){
n[i+1]=n[i+1] + (n[1]/10);
n[i]%=10;
i++;
}
}
else{
n[i]+=x;
while(n[i]<0){
n[i]+=10;
n[i+1]--;
1++;
}
}
}
bool equal(int a[], int b[]){ [/ F BT R A TARE

for(int i=0;i<MAX;i++){
if(a[i]!=b[i])
return false;

}
return true;
}
void copy(int m[], int n[]){ Vs &%
for(int i=0;i<MAX;i++)
n[i] = m[i];
}
void zero(int n[], int max){ /I REEFR
for(int i=0;i<max; i++)
n[i] = 0;
}
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65302669775,026616530266165302661653)
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fék A - R T AR R T £ FRE

FoR - A AEHAEMBORTF T EARBAEL 8 fAMNEX (r=10")

N, =E&@=b'2—a'2 =a -r+b’
2

7 n ’
(NZ’N2)<:>? (NzaNz)

(147, 48)

— (484848 ,1484847)
16/33=0.48

(13467 ,3468)

R (346834683468 ,1346834683467)
1156 /3333 =0.3468

(1016127,016128)

- (016128016128016128,1016128016128016127)
256/15873=0.016128

(1034187,034188)

_ (034188034188034188 ,1034188034188034187)
4/117=0.034188

(1140399 ,140400)

- (140400140400140400, 1140400140400140399)
400/ 2849 = 0.140400

(1190475 ,190476)

_ (190476190476190476 ,1190476190476190475)
4/21=0.190476

(1216512, 216513)

S (216513216513216513,1216513216513216512)
729/3367=0.216513

(1300624 , 300625)

S (300625300625300625 ,1300625300625300624 )
625/2079 = 0.300625

(1416767 ,416768)

- (416768416768416768,1416768416768416767)
1024/ 2457 =0.416768

(1484847 ,484848)

- (484848484848484848,1484848484848484847)
16/33=0.484848

(1530900, 530901)

- (530901530901530901, 1530901530901530900)
2809/5291=0.530901

(102341547 ,02341548)

- (023415480234154802341548,1023415480234154802341547)
324/13837 =0.02341548

(102661652 ,02661653)
(026616530266165302661653,1026616530266165302669775)

361/13563=0.02661653
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MiskoN @ BREARBREMHEEL A Hia ey A

2
r=10" Exﬂ%%ﬁiﬁﬁﬁﬁﬁiéﬁﬁm&%ﬁ%%ﬂ@?Lﬂﬂj
p p
. 8k+4 . 8k+4
(o v) 53,20 33:1077 =20 20107 - 53 :>( 400 ,1060j
2409 2409 2409 2409
2809(10"** —1) (2809-10%** ~1060)" (1060-10*** ~2809')"
, 2409 2409 2409
(N27N2) 2 2
400(10"** —1) _(1060-10*** 400" [ 400-10*** —1060
2409 2409 2409
11660 4399
1166044001660 440016604399
116604400166044001660  44001660440016604399
(mm ) g5 5 85:10% 52 52.10%" -85 ::>(2704 4420)
S 74521 7 4521 452174521
7225(10" —1) (7225-10%* —4420)" (4420-10%** —7225’
, 4521 4521 4521
(Nz’Nz) 2 2
2704(10"" 1) _(4420-10%"* -2704 " ( 2704-10%"* —4420
4521 4521 4521
15980 9775

1598097765980 977659809775
159809776598097765980  97765980977659809775

(m,n,u,v)

8k+4 108k _
(119’18’119 10 18 18-10 119j::>( 324 2142:)

13837 ’ 13837 13837713837

1416u10““8—1)_(1416L10“+4—2142}2_(214240“*4—14uﬂj2

, 13837 13837 13837
(Nz’Nz) 2 2
ﬂAﬂW““—D__ZMQJW““&%l _3%Lm“”—2m2
13837 13837 13837
10234 1547
1023415480234 154802341547
102341548023415480234  15480234154802341547
8k+4 . 8k+4
(m.nu.v) 118,19,118 10 19,19 10 118 :>( 361 , 2242:)
13563 13563 13563 13563
13924(IOMk“-—1)__ 13924-10%** —2242 2__ 2242-10%** -13924 ’
, 13563 13563 13563
(N,.N;)

36110 1) (2242.10% =361 (361-10%* -2242)"
13563 13563 13563

10266 1652
1026616530266 165302661652
102661653026616530266 16530266165302661652
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5765-10'°*° -3326 3326-10'"* -5765 (11062276 19174390)
(m,n,u,v) 5765,3326, , = ,
22172949 22172949 22172949 22172949
33235225(102M+m-—1)__ 33235225-10"%* —19174390 2__ 19174390-10'%%* — 33235225 ’
(NN 22172949 22172949 22172949
251V
11062276(102M+m-—1)__ 19174390-10"%* —11062276 2__ 11062276-10"%* —19174390 ?
22172949 22172949 22172949

149890 86475
1498908647649890  864764989086475
14989086476498908647649890  8647649890864764989086475

2
r=10" E2<r)e@%§iiﬁwfmﬁz%aﬁa&ame@aﬁégwﬁﬁ@(%%)
1) 8k+4 1) 8k+4
Crmn) 8610 413 13-10%“+86 - ::>( 169 ’1118)
7227 7227 722777227
(86-10°* +13)> (7396-10%* +1118)" (1118-10%* +169 )"
NN 7227 7227 7227
2°°72
(13-10%* +86)> (1118-10** +7396)" (169-10%"+1118)"
7227 7227 7227
10234 1547
1023415480234 154802341547
102341548023415480234  15480234154802341547
X 8k+4 . 8k+4
) 8710% 414 14107 487 ::>( 196 ,1218j
7373 7373 7373° 7373
(87-10%* +14)> _(7569-10%** +1218)" (1218-10** +196 )’
NN 7373 7373 7373
2°°72
(14-10% +87)> (1218:10%*+7569)" (196-10% +1218)’
7373 7373 7373
10266 1652
1026616530266 165302661652
102661653026616530266  16530266165302661652
1) 8k+4 1) 8k+4
o) 22010 483 83-10%7+220 . ::>( 6889 ,18260j
41511 41511 41511741511
(220-10%" +83)% _ (48400-10%** +18260 )" _(18260-10°** +6889 )"
NN 41511 41511 41511
2°°72
(83-10% +220)> (18260-10%" +48400)" (6889-10%" +18260 )"
41511 41511 41511
11660 4399

1166044001660 440016604399
116604400166044001660  44001660440016604399
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188-10%"* +115 115-10%** +188 13225 21620
(m,n,u,v) , ,188,115 |[=| —,———
22119 22119 22119722119
(188-10%* +115)> (35344-10%*+21620)" (21620-10*** +13225)’
, 22119 22119 22119
(NzaNz) 2 2
(115-10°** +188)* _ ( 21620-10*"* +35344 )" (13225-10*"* +21620
22119 22119 22119
15980 9775
1598097765980 977659809775
159809776598097765980  97765980977659809775
(o v) 26-10™" +15 15-10"°+26 :>(gg§ gggj
S 451 7 451 T 451° 451
(26-10 +15)> (676:10+390)" (390-10"* 4225’
, 451 451 451
(N2.N2) 10k+5 2 10k+5 2 10k+5 2
(15-10"7+26)% (390-10"+676 ) (225:10"* +390
451 451 451
149890 86475
1498908647649890  864764989086475

14989086476498908647649890

8647649890864764989086475
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R FEBFBRYE (F EEHF Amazing Numbers Game )

A Certain Type of Number Expressible as Self-similar Difference of Squares

Thank you for your attention !
SA11-004 55 %F
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