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等周不等式之延伸研究

研究 n

研究

等周不等式

研究

等周不等式 ℓ A ℓ A 不等式

4πA ≤ ℓ2

等周不等式 研究

研究 等周不等式 延伸研究

研究

研究 1. n

(1)

(2)

(3)

研究 2.

(1)

(2)

1



研究

研究

1. n ℓ1, ℓ2, . . . , ℓn n

A0, A1, A2, . . . , An A0A1 = ℓ1, A1A2 = ℓ2, . . . , An−1An = ℓn

A0, A1, A2, . . . , An A0An

A0

A1

Ai

An−1

An

2. n ℓ1, ℓ2, . . . , ℓn n θ O

O,A0, A1, A2, . . . , An A0A1 = ℓ1, A1A2 =

ℓ2, . . . , An−1An = ℓn A0, A1, A2, . . . , An O OA0

OA0 = OAi, 1 ≤ i ≤ n

∠A0AiAn = π − θ

2
, 1 ≤ i ≤ n− 1

θ

O

A0

A1

A2

An−1

An

π − θ/2

n

之

3. n ℓ1, ℓ2, . . . , ℓn n

A0, A1, A2, . . . , An A0, An

A0A1 = ℓ1, A1A2 = ℓ2, . . . , An−1An = ℓn A0, An

O

OA0 = OAi, 1 ≤ i ≤ n

∠OA0An = β ∠OAnA0 = β1

β = β1 ∠A0AiAn = β +
π

2
, 1 ≤ i ≤ n− 1

2



O

A0

A1 A2

An−1

An

β

β1

β + π/2

4. ℓ O θ

O

A 等周不等式

A ≤ ℓ2

2θ

θ

O

A

B

ℓ

5. ℓ

之

O

A

B

β

β

P
β +

π

2

等周不等式

等周不等式之延伸研究
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6. ℓ y = kx2 (k > 0)
A 不等式

A ≤ (
1

2θ
− sin θ

6θ2
)ℓ2

θ 式

2kℓ sin2 θ

2
= θ cos

θ

2
, 0 < θ < π

A ≤

(

1

2θ
−

sin θ

6θ2

)

ℓ2

x

y = kx2

ℓ

研究

研究 n

等周不等式

研究

n n = 2 n = 3

n > 3

1. 2 a b
1

2
ab

A B

a b

Proof. 2 θ

f(θ) =
1

2
ab sin θ

a b f(θ) θ =
π

2
2

1

2
ab

4



2. 3 a b c A,B,C,D

AB = a BC = b CD = c ∠ABD ∠ACD

A

B

C

D

a

b

c

Proof. AB △BCD

1 AB BD AC CD

△ABD AD ∠ABD =
π

2
B

AD n > 3

1. n ℓ1, ℓ2, . . . , ℓn

A0, A1, A2, . . . , An A0A1 = ℓ1, A1A2 = ℓ2, . . . , An−1An = ℓn

A0, A1, A2, . . . , An A0An

A0

A1

Ai

An−1

An

Proof. A0A1 A1A2 . . . An

1 A0A1 A1An A0A1 . . . Ai

AiAi+1 . . . An i = 2, 3, . . . , n − 1 1
∠A0AiAn

n

n

式 n = 1 n = 2 n > 2

3. O θ (0 < θ < π) 1 a

A,B △OAB OA = OB

a2

4
cot

θ

2
.

5



Proof.

OA = x, OB = y

x2 + y2 = a2 + 2xy cos θ

不等式

a2 + 2xy cos θ = x2 + y2 ≥ 2xy

xy ≤ a2

2(1− cos θ)

O

a

B

A

D

C

θ

等 △OAB x = y OA = OB

△OAB =
1

2
xy sin θ =

a2 sin θ
4(1− cos θ)

=
1

4
a2 cot

θ

2

4. 2 a, b O θ (0 < θ ≤ π)
OA0A1A2 A0, A2 A1

OA0 = OA1 = OA2 ∠A0A1A2 = π − θ

2

θ

O

a

b

A0

A1

A2

α = π −

θ

2

Proof. θ = π 1 △A0A1A2 =
π

2
0 < θ < π

A0A2 ℓ △A0A1A2

3

OA0 = OA2 ∆OA0A2 =
1

4
ℓ2 cot

θ

2

∠A0A1A2 = α (0 < α < π) 式 等式

ℓ2 = a2 + b2 − 2ab cosα (1)

OA0A1A2 : Φ(α) =
1

2
ab sinα +

1

4
ℓ2 cot

θ

2
(2)
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(1)式 (2)式

Φ(α) =
a2 + b2

4
· cot

θ

2
+

1

2
ab

(
sinα− cosα cot

θ

2

)
(3)

a, b, θ 不等式

sinα
1

=
− cosα

cot
θ

2

tanα = − tan
θ

2
 α = π − θ

2

式 OA0 = OA2 A0, A1, A2 O

2. n ℓ1, ℓ2, . . . , ℓn O θ (0 < θ ≤ π)
O,A0, A1, A2, . . . , An A0, An Ai

(1 ≤ i ≤ n− 1)

Ai−1Ai = ℓi, ∀ i = 1, 2, . . . , n

OA0A1A2 . . . An A0, A1, A2, . . . , An O

OA0 = OAn ∠A0AiAn = π − θ

2
, ∀ i = 1, 2, . . . , n− 1

θ

O

A0

A1

A2

An−1

An

π − θ/2

Proof. A0A1A2 . . . An

3

OA0 = OAn

A0A1 A1A2 . . . An

4

∠A0A1An = π − θ

2

A0A1 . . . Ai AiAi+1 . . . An

i = 2, 3, . . . , n− 1 4

∠A0AiAn = π − θ

2
, i = 2, . . . , n− 1

A0, A1, A2, . . . , An O
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n

n

之

不

5. 1 ℓ y = kx2, k > 0,
1

6
kℓ3

Proof. A(a, ka2) B(b, kb2) a ≤ 0 b ≥ 0

1

2
(ka2 + kb2)(b− a)−

ˆ b

a

kx2 dx

=
k

2
(b3 − ab2 + a2b− a3)− k

3
(b3 − a3)

=
k

6
(b− a)3

b− a ≤ ℓ
x

ℓ
ℓ

A(a, ka2)

B(b, kb2)

(a, 0) (b, 0)(0, 0)

k

6
(b− a)3 ≤ 1

6
kℓ3

6. 2 a, b y = f(x) = kx2, k > 0,
A0, A1, A2 A0, A2 A1

A0A1 = a, A1A2 = b

O A0, A2 之

OA0 = OA1 = OA2

8



x

O

A0 A2

(−
ℓ

2
, 0) (

ℓ

2
, 0)

a b
ℓ

A1

β β

α = β +
π

2

Proof. ∠A0A1A2 = α (0 < α < π), ∠OA0A2 = β (0 < β <
π

2
)

OA0 = OA2 α = β +
π

2

OA0 = OA2 ∠OA2A0 = β A0A2 = ℓ, 式

式

△A0A1A2 =
ℓ

2 sinα
=

ℓ

2 cos β
=

ℓ sin β
sin 2β

=
ℓ sin β

sin(π − 2β)
=

ℓ sin∠A0A2O

sin∠A0OA2

= OA0

△A0A1A2

5 A0A2 x OA0 = OA2 A0A2 等
1

6
kℓ3

5 等式

ℓ2 = a2 + b2 − 2ab cosα (4)

Φ(α) =
1

2
ab sinα +

1

6
kℓ3 (5)

(4)式 α

ℓℓ′ = ab sinα (6)

(5)式 α
dΦ

dα
= 0

0 =
1

2
ab cosα +

1

2
kℓ2ℓ′

(6)式 式

0 =
1

2
ab cosα +

1

2
kℓ · ab sinα

kℓ tanα = −1

A0A2 x A0A2 = ℓ A2 x
ℓ

2
kℓ = f ′(

ℓ

2
) = tan β

tanα tan β = −1

0 < α < π 0 < β <
π

2
α = β +

π

2
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7. n ℓ1, ℓ2, . . . , ℓn y = f(x) = kx2, k > 0,
A0, A1, A2, . . . , An A0, An Ai

(1 ≤ i ≤ n− 1)

Ai−1Ai = ℓi, i = 1, 2, . . . , n

O A0, An 之

OA0 = OAi, 1 ≤ i ≤ n

: ∠OA0An = β ∠OAnA0 = β1

β = β1 ∠A0AiAn = β +
π

2
, 1 ≤ i ≤ n− 1

O

A0

A1

A2

An−1

An

β β1

β +
π

2

Proof. A0A1A2 . . . An

5

∠OA0An = ∠OAnA0 = β

A0A1 A1A2 . . . An

6

∠A0A1An = β +
π

2

A0A1 . . . Ai AiAi+1 . . . An

i = 2, 3, . . . , n− 1 6

∠A0AiAn = β +
π

2
, i = 2, . . . , n− 1

A0, A1, A2, . . . , An O
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8. 1 ℓ y = f(x)

A,B O y = f(x) A B

OA = OB

O

ℓ

LB

LA

A(a, f(a))

B(b, f(b))

β

β1

Proof. A (a, f(a)) B (b, f(b)) y = f(x) A B

LA LB AB LA β AB LB β1

LA = f ′(a)

LB = f ′(b)

AB m =
f(b)− f(a)

b− a
(7)

式

tan β =
m− f ′(a)

1 +mf ′(a)
(8)

tan β1 =
f ′(b)−m

1 +mf ′(b)
(9)

等式

ℓ2 = [f(b)− f(a)]2 + (b− a)2 (10)

Φ =
[f(a) + f(b)](b− a)

2
−
ˆ b

a

f(x) dx (11)

ℓ (10)式 b a (10)式
a

0 = 2[f(b)− f(a)][b′f ′(b)− f ′(a)] + 2(b− a)(b′ − 1)

1− b′ =
f(b)− f(a)

b− a
[b′f ′(b)− f ′(a)]

(7)式 式

b′ =
1 +mf ′(a)

1 +mf ′(b)
(12)

11



(11)式
dΦ

da
= 0

0 =
f ′(a) + b′f ′(b)

2
(b− a) +

f(a) + f(b)

2
(b′ − 1)− b′f(b) + f(a)

f(a)− f(b)

b− a
(b′ + 1) + [b′f ′(b) + f ′(a)] = 0

(7)式 式

b′ =
m− f ′(a)

f ′(b)−m
(13)

(12) (13) 式

1 +mf ′(a)

1 +mf ′(b)
=

m− f ′(a)

f ′(b)−m

(8) (9) 式

tan β =
m− f ′(a)

1 +mf ′(a)
=

f ′(b)−m

1 +mf ′(b)
= tan β1

9. 2 a, b y = f(x)

A0, A1, A2 A0, A2 A1

A0A1 = a, A1A2 = b

O A0, A2 之

OA0 = OA1 = OA2

∠OA0A2 = β ∠OA2A0 = β1

β = β1 ∠A0A1A2 = β +
π

2

O

ℓ
A0(r, f(r))

A2(s, f(s))

β

β1

A1

α = β +
π

2

a

b

12



Proof. A0 (r, f(r)) A2 (s, f(s)) A0A2 = ℓ ∠A0A1A2 = α, 0 < α ≤ π,
△A0A1A2

8 ∠OA0A2 = ∠OA2A0 β = β1

0 < β <
π

2

等式

A0 = f ′(r)

A2 = f ′(s)

A0A2 m =
f(s)− f(r)

s− r
(14)

式

tan β =
m− f ′(r)

1 +mf ′(r)
=

f ′(s)−m

1 +mf ′(s)
(15)

等式

ℓ2 = a2 + b2 − 2ab cosα = (s− r)2 + [f(s)− f(r)]2 (16)

Φ =  
1

2
ab sinα +

f(r) + f(s)

2
(s− r)−

ˆ s

r

f(x)dx (17)

(14) (15) 式 s r s = s(r) (16)式 a, b

r α r, s α (16)式
α

2ab sinα = 2(s− r)(s′ − r′) + 2[f(s)− f(r)][s′f ′(s)− r′f ′(r)]

ab sinα
s− r

= (s′ − r′) +
f(s)− f(r)

s− r
[s′f ′(s)− r′f ′(r)]

(14)式 式

ab sinα
s− r

= (s′ − r′) +m[s′f ′(s)− r′f ′(r)]

= s′[1 +mf ′(s)]− r′[1 +mf ′(r)]

(15)式

ab sinα
s− r

= s′[
f ′(s)−m

tan β
]− r′[

m− f ′(r)

tan β
]

13



−m(s′ + r′) =
ab sinα
s− r

tan β − [r′f ′(r) + s′f ′(s)] (18)

(17)式
dΦ

dα
= 0

0 =
1

2
ab cosα +

r′f ′(r) + s′f ′(s)

2
(s− r) +

f(r) + f(s)

2
(s′ − r′)− [s′f(s)− r′f(r)]

0 =
ab cosα
s− r

+ [r′f ′(r) + s′f ′(s)] +
f(r)− f(s)

s− r
(s′ + r′)

(14)式 式

0 =
ab cosα
s− r

+ [r′f ′(r) + s′f ′(s)]−m(s′ + r′)

(18)式

0 =
ab cosα
s− r

+ [r′f ′(r) + s′f ′(s)] +
ab sinα
s− r

tan β − [r′f ′(r) + s′f ′(s)]

tanα tan β = −1

0 < α ≤ π 0 < β <
π

2

α = β +
π

2

A0, A1, A2 O

3. n ℓ1, ℓ2, . . . , ℓn y = f(x)

A0, A1, A2, . . . , An A0, An Ai

(1 ≤ i ≤ n− 1)

Ai−1Ai = ℓi, i = 1, 2, . . . , n

O A0, An 之

OA0 = OAi, 1 ≤ i ≤ n

∠OA0An = β ∠OAnA0 = β1

β = β1 ∠A0AiAn = β +
π

2
, 1 ≤ i ≤ n− 1

14



O

A0

A1 A2

An−1

An

β

β1

β + π/2

Proof. A0A1A2 . . . An

8

β = β1

A0A1 A1A2 . . . An

9

∠A0A1An = β +
π

2

A0A1 . . . Ai AiAi+1 . . . An

i = 2, 3, . . . , n− 1 9

∠A0AiAn = β +
π

2
, i = 2, . . . , n− 1

A0, A1, A2, . . . , An O

等周不等式

之 延伸

之

等周不等式

等周不等式

4. ℓ O θ

O

A 等周不等式

A ≤ ℓ2

2θ

15



θ

O

A

B

ℓ

Proof. A,B AB⌢

3 OA = OB P

AP⌢ PB⌢ 4

∠APB = π − θ

2

P O OA OP = OA

O OA

OA =
ℓ

θ

1

2

(
ℓ

θ

)2

θ =
ℓ2

2θ

5. ℓ

之

O

A

B

β

β

P
β +

π

2

Proof. A,B AB A β AB

B β1 O

AB⌢ 8 β = β1

16



OA = OB P AP⌢ PB⌢

9

∠APB = β +
π

2

P O OA

O OA

6. ℓ y = kx2 (k > 0)
A 不等式

A ≤ (
1

2θ
− sin θ

6θ2
)ℓ2

θ 式

2kℓ sin2 θ

2
= θ cos

θ

2
, 0 < θ < π

A ≤

(

1

2θ
−

sin θ

6θ2

)

ℓ2

x

y = kx2

ℓ

Proof. y = kx2 A,B 5 AB x

A,B A(−a, ka2) B(a, ka2) A,B

O θ 5 O OA

等式

OA =
ℓ

θ

a =
ℓ

θ
sin

θ

2

OB : f ′(a) = 2ka = 2k
ℓ

θ
sin

θ

2

f ′(a) = tan(
π

2
− θ

2
)

tan(
π

2
− θ

2
) = 2k

ℓ

θ
sin

θ

2

x

A(−a, ka2) B(a, ka2)

O

C DE FG

ℓ

θ

2kℓ sin2 θ

2
= θ cos

θ

2
(19)

0 < θ < π 式

E,F OA, OB x FD · f ′(a) = BD

FD = ka2 ÷ f ′(a) =
a

2

17



F OB △OFG = △BFD △OEG = △AEC

: A ≤ 1

2
(
ℓ

θ
)2θ −

ˆ a

−a

kx2 dx =
ℓ2

2θ
− 2

3
ka3 =

ℓ2

2θ
− 2

3
k(

ℓ

θ
sin

θ

2
)3

(19)式

A ≤ (
1

2θ
− sin θ

6θ2
)ℓ2

等周不等式

不

研究 等周不等式 ℓ等

ℓ

ℓ

7. ℓ r ℓ < 2r

A 不等式

A ≤ ℓ2

2θ
+

1

2
r2(π − θ)− rℓ

θ

θ 式

ℓ tan
θ

2
= rθ, 0 < θ < π

x

A B

O

C

r ℓ

θ

Proof. A,B A,B O θ

5 O OA 等式

r = OA · tan
θ

2
=

ℓ

θ
tan

θ

2

ℓ tan
θ

2
= rθ

0 < ℓ < 2r 式 0 < θ < π

:

A ≤
= CAB + OAB − OACB

=
1

2
r2(π − θ) +

1

2
OA

2
θ −OA · r

OA =
ℓ

θ
式

18



研究 等周不等式 延伸研究

n

研究

( ) n

( ) n

( ) n

研究

( )

( )

等周不等式

( ) y = kx2 (k > 0) ℓ A

A ≤ (
1

2θ
− sin θ

6θ2
)ℓ2

θ 式

2kℓ sin2 θ

2
= θ cos

θ

2
, 0 < θ < π.

( ) ℓ r ℓ < 2r

A 不等式

A ≤ ℓ2

2θ
+

1

2
r2(π − θ)− rℓ

θ

θ 式

ℓ tan
θ

2
= rθ, 0 < θ < π.

等周不等

式 不等式 4πA ≤ ℓ2 等周不

等式 研究 不等

式 延伸研究
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( ) n ( )

( ) ( )
式

1. k > 0 ℓ > 0 式

2kℓ sin2 θ

2
= θ cos

θ

2
, 0 < θ < π,

Proof.

ϕ(x) =
x cosx
sin2 x

, x ∈ (0,
π

2
),

ϕ′(x) = cosx · (sinx)−2 − x(sinx)−1 − 2x cos2 x(sinx)−3

ϕ′(x) = x(sinx)−3[cosx · sinx
x

− 1− cos2 x]

0 < x <
π

2

sinx
x

< 1, sin x > 0, 1 > cosx > 0,

ϕ′(x) < x(sinx)−3[cosx− 1− cos2 x] < 0

ϕ = ϕ(x)

lim
x→π

2
−

x cosx
sin2 x

= 0  lim
x→0+

x cosx
sin2 x

= lim
x→0+

cosx
sinx

= +∞

ϕ(x) = kℓ 0 < x <
π

2

2. 0 < ℓ < 2r 式

ℓ tan
θ

2
= rθ, 0 < θ < π,

20



Proof.

ϕ(x) =
tanx
x

, x ∈ (0,
π

2
),

ϕ′(x) =
sec2 x · x− tanx

x2
=

x− sinx cosx
x2 cos2 x

0 < x <
π

2
x > sinx, sinx > 0, 1 > cosx > 0,

ϕ′(x) >
sinx− sinx cosx

x2 cos2 x
> 0

ϕ = ϕ(x)

lim
x→0+

tanx
x

= 1  lim
x→π

2
−

tanx
x

= +∞

ϕ(x) =
2r

ℓ
0 < x <

π

2

[1] Isoperimetric inequality, http://en.wikipedia.org/wiki/Isoperimetric_inequality
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