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等周不等式之延伸研究

叱剟⼌

㐀ˢˢ天

㛔研究ᷣ天↮䁢ℑ悐↮ˤ䫔ᶨ悐↮㗗㍊妶ˬn㟡㡺⫸⤪ỽ⛐↠⼊⋨➇ℏ⚵↢㚨

⣏朊䧵 炻˭䘤䎦㚨⣏朊䧵㚫䘤䓇⛐㡺⫸攻䘬㍍溆⛯句⛐⎴ᶨ⚻⻏ᶲ䘬㗪῁ˤℵ德忶䫔

ᶨ悐↮䘬䳸㝄炻㍐⼿䫔Ḵ悐↮ˬᶨ㡅丑⫸⤪ỽ⛐↠⼊⋨➇ℏ⚵↢㚨⣏朊䧵˭研究䘤

䎦⚵↢㚨⣏朊䧵䘬ね㱩㗗䔞丑⫸〘䁢⚻⻏䘬ᶨ悐↮ˤ㚨⼴㚜忚ᶨ㬍⼿↢㇨⚵↢䘬↠

⼊⋨➇朊䧵冯丑攟䘬斄Ὢ炻ḇ⯙㗗ㆹᾹ㚨䳪䘬䳸㝄ˬ⎎栆䘬等周不等式˭ʕ

⢡ˣ研究≽㨇

ˢˢ⛐⚳ᷕ炻ᶨ⃫Ḵ㫉↥㔠䘬佺柴ᷕⷠ㚫忯⇘柴䚖㔀徘天䓐ᶨ㡅丑⫸⛐ᶨ朊䇮䘬ᶨ“⚵↢ᶨᾳ

䞑⼊剙⚫炻⛐Ṩ湤㧋䘬ね㱩ᶳ⚵↢䘬剙⚫㚫㚱㚨⣏朊䧵ˤ䓙㬌ㆹᾹ埵䓇↢ℑᾳ⓷柴烉

ᶨˣ ⤪ỽ䓐ᶱ㟡㡺⫸⛐䇮怲⚵↢㚨⣏朊䧵ˤ

Ḵˣ ⤪ỽ䓐ᶨ㧋攟⹎䘬丑⫸⚵↢㚜⣏䘬朊䧵ˤ

㇨媪䘬等周不等式㗗㊯䓐ᶨ㡅丑⫸攟⹎䁢 ℓ炻ảシ⚵↢䘬⋨➇朊䧵䁢 A炻⇯ ℓ␴ A䘬不等式斄

Ὢ⤪ᶳ

4πA ≤ ℓ2

⇑䓐等周不等式⎗ẍ妋㰢ᶲ徘䘬䫔Ḵᾳ⓷柴ˤ⚈㬌ㆹᾹ㈲研究慵⽫㓦⛐䫔ᶨᾳ⓷柴ᶲˤ䃞侴炻

䔞䫔ᶨᾳ⓷柴䘬研究䳸㝄⣏农⬴ㆸ㗪炻ㆹᾹ⍰䘤䎦㬌ㆸ㝄⎗ẍ⚆Ἦ㍊妶等周不等式䘬延伸研究ˤ

⚈㬌炻ㆹᾹ㒔⭂↢ᶳ↿䘬研究⓷柴烉

研究⓷柴 1. 䴎⭂ n㟡㡺⫸炻⤪ỽ⚵↢㚨⣏朊䧵烎

(1) ⛐⋲⸛朊⋨➇ℏ⚵↢㚨⣏朊䧵ˤ

(2) ⛐抸⼊⋨➇ℏ⚵↢㚨⣏朊䧵ˤ

(3) ⛐怲䓴䁢⸛㹹㚚䶂䘬↠⼊⋨➇ℏ⚵↢㚨⣏朊䧵ˤ

研究⓷柴 2. 䴎⭂ᶨ㡅丑⫸炻⤪ỽ⚵↢㚨⣏朊䧵烎

(1) ⛐抸⼊⋨➇ℏ⚵↢㚨⣏朊䧵ˤ

(2) ⛐怲䓴䁢⸛㹹㚚䶂䘬↠⼊⋨➇ℏ⚵↢㚨⣏朊䧵ˤ
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屛ˣ研究䚖䘬

ˢˢ㟡㒂ᶲ䭨䘬研究⓷柴炻ㆹᾹ嫱㖶Ḯᶳ↿⸦ᾳᷣ天⭂䎮烉

ᷣ天⭂䎮 1. 䴎⭂ n㟡㡺⫸炻℞攟⹎↮⇍䁢 ℓ1, ℓ2, . . . , ℓnˤ姕㬌 n㟡㡺⫸⛐⋲⸛朊ᶲ⚵↢㚨⣏朊

䧵䘬⣂怲⼊䘬枪溆䁢 A0, A1, A2, . . . , An炻℞ᷕ A0A1 = ℓ1, A1A2 = ℓ2, . . . , An−1An = ℓn 炻⇯枪溆

A0, A1, A2, . . . , An⛯句⛐䚜⼹ A0An䘬⋲⚻ᶲˤ

A0

A1

Ai

An−1

An

ᷣ天⭂䎮 2. 䴎⭂ n㟡㡺⫸炻℞攟⹎↮⇍䁢 ℓ1, ℓ2, . . . , ℓnˤ㬌 n㟡㡺⫸⛐⣦奺䁢 θ枪溆䁢 O䘬抸

⼊⋨➇ℏ炻姕⚵↢㚨⣏朊䧵䘬⣂怲⼊䘬枪溆䁢 O,A0, A1, A2, . . . , An炻℞ᷕ A0A1 = ℓ1, A1A2 =

ℓ2, . . . , An−1An = ℓnˤ⇯枪溆 A0, A1, A2, . . . , An⛯句⛐ẍ O䁢⚻⽫ˣẍ OA0䁢⋲⼹䘬⚻⻏ᶲ炻

⌛

OA0 = OAi, 1 ≤ i ≤ n

ㆾ侭ẍ奺⹎堐䣢⤪ᶳ

∠A0AiAn = π − θ

2
, 1 ≤ i ≤ n− 1

θ

O

A0

A1

A2

An−1

An

π − θ/2

ˢˢᷣ天⭂䎮Ḵ婒㖶Ḯˬn㟡㡺⫸⛐抸⼊⋨➇ᶲ炻⚵↢㚨⣏朊䧵䘬㡅ẞ㗗㇨㚱㡺⫸䘬㍍溆⛯句

⛐抸⼊枪溆䁢⚻⽫䘬⚻⻏ᶲ˭ʕ 䎦⛐炻⤪㝄ㆹᾹ㈲⸛㹹㚚䶂䚳ㆸ䃉䩖⣂ᾳ䶂㭝䘬䳬⎰炻⇯ˬ⛐怲

䓴䁢⸛㹹㚚䶂䘬⋨➇ℏ炻⚵↢㚨⣏朊䧵䘬㡅ẞ㗗㇨㚱㡺⫸䘬㍍溆炷⊭⏓㡺⫸冯⸛㹹㚚䶂䘬ℑᾳ

㍍溆炸⽭枰句⛐⎴ᶨ⚻⻏ᶲ炻ᶼ⚻⽫ỵ㕤ẍ㡺⫸冯⸛㹹㚚䶂㍍溆嗽䁢↯溆䘬ℑ㡅↯䶂之Ṍ溆˭ʕ

⚈㬌炻ㆹᾹ Ḯ⤪ᶳ䘬㍐⺋烉

ᷣ天⭂䎮 3. 䴎⭂ n㟡㡺⫸炻℞攟⹎↮⇍䁢 ℓ1, ℓ2, . . . , ℓnˤ㬌 n㟡㡺⫸⛐怲䓴䁢⸛㹹㚚䶂䘬↠⼊

⋨➇ℏ炻姕⚵↢㚨⣏朊䧵䘬枪溆䁢 A0, A1, A2, . . . , An炻℞ᷕ A0, An 䁢㡺⫸冯⸛㹹㚚䶂䘬㍍溆炻

A0A1 = ℓ1, A1A2 = ℓ2, . . . , An−1An = ℓn ˤẌ⸛㹹㚚䶂ᶲẍ A0, An 䁢↯溆䘬ℑ㡅↯䶂䘬Ṍ溆䁢

O炻⤪ᶳ⚾ˤ⇯

OA0 = OAi, 1 ≤ i ≤ n

ㆾ侭ẍ奺⹎堐䣢烉Ẍ ∠OA0An = β ␴ ∠OAnA0 = β1炻⇯

β = β1 ᶼ ∠A0AiAn = β +
π

2
, 1 ≤ i ≤ n− 1
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O

A0

A1 A2

An−1

An

β

β1

β + π/2

⇵朊ㆹᾹ妶婾䘬悥㗗⤪ỽ䓐㡺⫸⚵↢㚨⣏朊䧵炻᷎ᶼ⮯⸛㹹㚚䶂䚳ㆸ䃉䩖⣂ᾳ䶂㭝䘬䳬⎰ˤ

⎴㧋⛘炻ㆹᾹḇ⎗⮯丑⫸䚳ㆸ䃉䩖⣂ᾳ㟡㡺⫸䘬䳬⎰炻⚈㬌ㆹᾹḇ⎗ẍ㍐⺋丑⫸⚵↢㚨⣏朊䧵

䘬䚠斄䳸㝄ˤ

ᷣ天⭂䎮 4. 䴎⭂ᶨ㡅攟⹎䁢 ℓ䘬丑⫸炻⛐枪溆䁢 Oˣ⣦奺䁢 θ䘬抸⼊⋨➇ℏ⚵↢ᶨ⟲⋨➇ˤ⇯

䔞丑⫸句⛐ẍ O䁢⚻⽫䘬⚻⻏ᶲ㗪炻㬌㗪⚵↢⋨➇䘬朊䧵䁢㚨⣏ˤ㚜忚ᶨ㬍炻姕⚵↢⋨➇䘬朊

䧵䁢 A炻⇯㚱ᶳ↿䘬等周不等式

A ≤ ℓ2

2θ

θ

O

A

B

ℓ

ᷣ天⭂䎮 5. 䴎⭂ᶨ㡅攟⹎䁢 ℓ䘬丑⫸炻⛐怲䓴䁢⸛㹹㚚䶂䘬↠⼊⋨➇ℏ炻⚵↢ᶨ⟲⋨➇ˤ㬌⚵

↢⋨➇㚨⣏朊䧵䘤䓇⛐ˬẍ丑⫸ℑ䪗冯⸛㹹㚚䶂㍍溆嗽䁢↯溆䘬ℑ㡅↯䶂之Ṍ溆䁢⚻⽫炻㬌Ṍ

溆⇘㍍溆䘬攟⹎䁢⋲⼹炻㇨䔓↢䘬⚻⻏ᶲ 炻˭⤪ᶳ⚾ˤ

O

A

B

β

β

P
β +

π

2

㚨⼴炻ㆹᾹℵ㈲⓷柴⚆⇘㍐⺋⁛䴙䘬等周不等式ˤẍᶳẍ怲䓴㗗㉳䈑䶂䁢ἳ婒㖶ㆹᾹ㇨媪

ˬ等周不等式之延伸研究˭ʕ
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ᷣ天⭂䎮 6. ẍ攟⹎䁢 ℓ䘬丑⫸⛐怲䓴䁢㉳䈑䶂 y = kx2 (k > 0)䘬↠⼊⋨➇ℏảシ⚵↢ᶨ⟲⋨
➇ˤ姕⚵↢⋨➇䘬朊䧵䁢 A炻⇯㚱ᶳ↿不等式

A ≤ (
1

2θ
− sin θ

6θ2
)ℓ2

℞ᷕ θ䁢ᶳ↿㕡䦳式䘬妋烉

2kℓ sin2 θ

2
= θ cos

θ

2
, 0 < θ < π

A ≤

(

1

2θ
−

sin θ

6θ2

)

ℓ2

x

y = kx2

ℓ

⍫ˣ研究忶䦳冯㕡㱽

ˢˢ椾⃰炻ㆹᾹ⮯㔜ᾳ研究↮ㆸℑ悐↮炻䫔ᶨ悐↮㗗ˬn㟡㡺⫸⤪ỽ⛐↠⼊⋨➇ℏ⚵↢㚨⣏朊

䧵 炻˭䫔ᶨ悐↮⍰↮ㆸᶱ㭝Ἦ嫱㖶炻↮⇍㗗⋲⸛朊⋨➇ˣ抸⼊⋨➇ẍ⍲⸛㹹↠⼊⋨➇ˤ䫔Ḵ悐↮

㗗ˬᶨ㡅丑⫸⤪ỽ⛐䴎⭂怲䓴䘬⋨➇ℏ⚵↢㚨⣏朊䧵˭ʕ 䫔Ḵ悐↮ḇ↮ㆸ抸⼊⋨➇ˣ怲䓴䁢㉳䈑

䶂䘬↠⼊⋨➇␴怲䓴䁢⸛㹹㚚䶂䘬↠⼊⋨➇ᶱ㭝炻᷎ᶼ⼿↢抸⼊⋨➇␴㉳䈑䶂ᶲ䘬等周不等式ˤ

䫔ᶨ悐↮䘬⋲⸛朊⋨➇冯抸⼊⋨➇䘬嫱㖶炻⎒暨天檀ᷕḴ⸜䳂䘬㔠⬠䞍嬀⌛⎗ˤỮ㗗炻䫔ᶨ悐

↮䘬⸛㹹↠⼊⋨➇冯䫔Ḵ悐↮⚈䁢䈥㴱⇘㚚䶂㇨⚵䘬朊䧵炻天䓐⇘⽖䧵↮䘬ˬ㯪㤝ῤ˭冯ˬ⽖

䧵↮➢㛔⭂䎮˭ʕ ẍᶳ炻⯙㗗ᷣ天⭂䎮䘬研究忶䦳冯㕡㱽ˤ

ᶨˣ⋲⸛朊⋨➇

ˢˢ㛔⮷䭨⮯嗽䎮 n㟡㡺⫸⛐⋲⸛朊ᶲ炻⚵↢㚨⣏朊䧵䘬㡅ẞˤ⸽ᶳㆹᾹ⮯ὅ n = 2ˣn = 3ˣ

n > 3䘬枮⸷Ἦ嫱㖶ᷣ天⭂䎮ˤ

⺽䎮 1. ˢ䴎⭂ 2㟡㡺⫸炻攟⹎↮⇍䁢 aˣb炻⇯⛐⋲⸛朊⋨➇ℏ⚵↢䘬㚨⣏朊䧵㗗
1

2
abˤ

A B

a b

Proof. 姕 2㟡㡺⫸䘬⣦奺䁢 θ炻⇯⚵↢䘬ᶱ奺⼊朊䧵䁢

f(θ) =
1

2
ab sin θ

℞ᷕ aˣb䁢⭂ῤˤ⚈㬌炻f(θ)⛐ θ =
π

2
䘬㗪῁㚱㚨⣏ῤ炻ḇ⯙㗗䔞 2㟡㡺⫸ㆸ✪䚜㗪炻⎗⚵↢

㚨⣏朊䧵
1

2
abˤ

4



⺽䎮 2. 䴎⭂ 3㟡㡺⫸炻攟⹎↮⇍䁢 aˣbˣc炻姕⛐⋲⸛朊⋨➇ℏ⚵↢⚃怲⼊䘬枪溆䁢A,B,C,D炻

℞ᷕ AB = aˣBC = bˣCD = c炻⇯㚨⣏朊䧵䘤䓇⛐ ∠ABD␴ ∠ACD⛯䁢䚜奺ˤ

A

B

C

D

a

b

c

Proof. 侫ㄖ㕘⓷柴炻䴎⭂ᶨ㟡㡺⫸ AB ␴ᶨᾳᶱ奺⼊ △BCD 炻⤪ỽ⛐⋲⸛朊⋨➇ℏ⚵↢㚨⣏

朊䧵ˤ䓙⭂䎮 1䞍炻AB ⽭⭂✪䚜 BDˤ⎴䎮⎗嫱炻AC ḇ⽭⭂㚫✪䚜 CDˤ

䓙⚳ᷕ㇨⬠䞍忻炻⛐ᶱ奺⼊△ABDᷕ炻䔞⸽怲 AD䁢⭂ῤᶼ ∠ABD =
π

2
㗪炻⇯≽溆 B 溆

⽭⭂㚫句⛐⋲⚻⻏ᶲ炻AD⌛䁢㬌⚻䘬䚜⼹ˤ⸽ᶳ⮯嫱㖶ᶲ徘⭂䎮⛐ n > 3䘬ね㱩炻ṵ䃞ㆸ䩳ˤ

ᷣ天⭂䎮 1. 䴎⭂ n 㟡㡺⫸炻攟⹎↮⇍䁢 ℓ1, ℓ2, . . . , ℓn炻姕⛐⋲⸛朊⋨➇ℏ⚵↢⣂怲⼊䘬枪溆

䁢 A0, A1, A2, . . . , An炻℞ᷕ A0A1 = ℓ1, A1A2 = ℓ2, . . . , An−1An = ℓn ˤ⇯㚨⣏朊䧵䘤䓇⛐枪溆

A0, A1, A2, . . . , An⛯句⛐䚜⼹䁢 A0An䘬⋲⚻ᶲˤ

A0

A1

Ai

An−1

An

Proof. 侫ㄖ㕘⓷柴炻䴎⭂ᶨ㟡㡺⫸ A0A1 ␴ᶨᾳ⣂怲⼊ A1A2 . . . An 炻⤪ỽ⛐⋲⸛朊⋨➇ℏ

⚵↢㚨⣏朊䧵ˤ䓙⺽䎮 1䞍炻A0A1 ⽭⭂✪䚜 A1An ˤ⎴䎮炻侫ㄖℑᾳ⣂怲⼊ A0A1 . . . Ai ␴

AiAi+1 . . . An ⛐⋲⸛朊⋨➇ℏ⚵↢㚨⣏朊䧵炻℞ᷕ冒䃞㔠 i = 2, 3, . . . , n − 1 ˤℵ䓙⺽䎮 1䞍炻
∠A0AiAnḇ⽭⭂㗗䚜奺炻㓭⼿嫱ˤ

Ḵˣ抸⼊⋨➇

ˢˢ⛐䫔ᶨ⮷䭨ᷕ炻ㆹᾹ⶚䴻嗽䎮 n㟡㡺⫸⛐⋲⸛朊ᶲ炻⚵↢㚨⣏朊䧵䘬㡅ẞˤㆹᾹ䞍忻ˬ䚜

䶂⎗ẍ䚳ㆸℑ㡅⋲䶂䘬倗普 炻˭侴䓙ℑ㡅⋲䶂⚵ㆸ䘬⋨➇ᶨ凔䧙䁢ˮ抸⼊⋨➇˯ʕ ⚈㬌炻㛔⮷䭨

⮯妶婾㚜ᶨ凔䘬ね㱩烉n㟡㡺⫸⛐抸⼊⋨➇ᶲ炻⚵↢㚨⣏朊䧵䘬㡅ẞˤ⤪⎴䫔ᶨ⮷䭨䘬嫱㖶㕡

式炻⸽ᶳㆹᾹḇ⮯妶婾ὅ n = 1ˣn = 2ˣn > 2䘬枮⸷Ἦ嫱㖶抸⼊⋨➇ᶳ䘬ᷣ天⭂䎮ˤ

⺽䎮 3. 姕抸⼊⋨➇䘬枪溆䁢 Oˣ枪奺䁢 θ (0 < θ < π)ˤ䴎⭂ 1㟡㡺⫸炻攟⹎䁢 a炻㡺⫸冯抸⼊

⋨➇ℑ怲䘬㍍溆䁢 A,B炻⇯⚵↢䘬△OAB 㚨⣏朊䧵䘤䓇⛐ OA = OB 炻ᶼ㬌㗪朊䧵〘䁢

a2

4
cot

θ

2
.
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Proof. ⤪⎛⚾炻姕

OA = x, OB = y

䓙检⻎⭂䎮⼿

x2 + y2 = a2 + 2xy cos θ

㟡㒂䬿⸦不等式

a2 + 2xy cos θ = x2 + y2 ≥ 2xy

㇨ẍ

xy ≤ a2

2(1− cos θ)

O

a

B

A

D

C

θ

䔞等嘇ㆸ䩳㗪炻△OAB 䘤䓇㚨⣏朊䧵ˤ㬌㗪 x = y炻⌛ OA = OB ˤ㓭⚵↢䘬㚨⣏朊䧵䁢

△OAB 䘬朊䧵 =
1

2
xy sin θ =

a2 sin θ
4(1− cos θ)

=
1

4
a2 cot

θ

2

⺽䎮 4. 䴎⭂ 2㟡㡺⫸炻攟⹎↮⇍䁢 a, bˤ⛐枪溆䁢 Oˣ⣦奺䁢 θ (0 < θ ≤ π)䘬抸⼊⋨➇ℏ炻姕
⚵↢㚨⣏朊䧵䘬⚃怲⼊䁢 OA0A1A2炻℞ᷕ A0, A2 䁢㡺⫸冯ℑ怲䓴䘬㍍溆ˣA1 䁢ℑ㟡㡺⫸䘬㍍

溆炻⤪ᶳ⚾ˤ⇯ OA0 = OA1 = OA2炻⚈㬌 ∠A0A1A2 = π − θ

2
ˤ

θ

O

a

b

A0

A1

A2

α = π −

θ

2

Proof. 䔞 θ = π 㗪炻⇑䓐⺽䎮 1⼿䞍 △A0A1A2 =
π

2
炻⌛⼿嫱ˤẍᶳ嫱㖶ˢ 0 < θ < π Ṏㆸ䩳ˤ

姕 A0A2䘬攟⹎䁢 ℓˤ侫ㄖ㕘⓷柴ˬ䴎⭂ᶨᾳᶱ奺⼊△A0A1A2炻⤪ỽ⛐抸⼊⋨➇ℏ⚵↢㚨⣏朊

䧵 炻˭䓙⺽䎮 3↮⇍⎗⼿

OA0 = OA2 ᶼ ∆OA0A2䘬朊䧵 =
1

4
ℓ2 cot

θ

2

姕 ∠A0A1A2 = α (0 < α < π)炻ℵ䓙检⻎⭂䎮冯ᶱ奺⼊䘬朊䧵℔式⎗⼿ᶳ↿ℑᾳ等式

ℓ2 = a2 + b2 − 2ab cosα (1)

⚃怲⼊ OA0A1A2䘬朊䧵: Φ(α) =
1

2
ab sinα +

1

4
ℓ2 cot

θ

2
(2)
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⮯ (1)式ẋℍ (2)式炻⊾䯉⼿

Φ(α) =
a2 + b2

4
· cot

θ

2
+

1

2
ab

(
sinα− cosα cot

θ

2

)
(3)

⚈䁢 a, b, θ䁢⶚䞍䘬⭂ῤ炻䓙㞗大不等式⼿䞍㚨⣏朊䧵䘤䓇⛐

sinα
1

=
− cosα

cot
θ

2

㓭妋⼿

tanα = − tan
θ

2
ㆾ侭 α = π − θ

2

ᶲ式ℵ䳸⎰ OA0 = OA2炻⌛⼿嫱 A0, A1, A2ᶱ溆句⛐ẍ O䁢⚻⽫䘬⚻⻏ᶲˤ

ᷣ天⭂䎮 2. 䴎⭂ n㟡㡺⫸炻攟⹎↮⇍䁢 ℓ1, ℓ2, . . . , ℓn炻姕⛐枪溆䁢 Oˣ枪奺䁢 θ (0 < θ ≤ π)䘬
抸⼊⋨➇ℏ⚵↢⣂怲⼊䘬枪溆䁢 O,A0, A1, A2, . . . , An炻℞ᷕ A0, An䁢㡺⫸冯怲䓴䘬㍍溆ˣAi䁢

㡺⫸攻䘬㍍溆 (1 ≤ i ≤ n− 1)炻⌛

Ai−1Ai = ℓi, ∀ i = 1, 2, . . . , n

⤪ᶳ⚾ˤ⇯⣂怲⼊ OA0A1A2 . . . An㚨⣏朊䧵䘤䓇⛐枪溆 A0, A1, A2, . . . , An⛯句⛐⚻⽫䁢 O䘬⚻

⻏ᶲ炻Ṏ⌛

OA0 = OAn ᶼ ∠A0AiAn = π − θ

2
, ∀ i = 1, 2, . . . , n− 1

θ

O

A0

A1

A2

An−1

An

π − θ/2

Proof. 侫ㄖ㕘⓷柴ˬ䴎⭂ᶨᾳ⣂怲⼊ A0A1A2 . . . An 炻⤪ỽ⛐抸⼊⋨➇ℏ⚵↢㚨⣏朊䧵 炻˭䓙⺽

䎮 3⎗⼿

OA0 = OAn

ℵ侫ㄖ⓷柴ˬ䴎⭂ᶨ㟡㡺⫸ A0A1 ␴ᶨᾳ⣂怲⼊ A1A2 . . . An 炻⤪ỽ⛐抸⼊⋨➇ℏ⚵↢㚨⣏朊

䧵˭ʕ 䓙⺽䎮 4䞍

∠A0A1An = π − θ

2

⎴䎮炻侫ㄖℑᾳ⣂怲⼊ A0A1 . . . Ai ␴ AiAi+1 . . . An ⛐抸⼊⋨➇ℏ⚵↢㚨⣏朊䧵炻℞ᷕ冒䃞㔠

i = 2, 3, . . . , n− 1ˤ䓙⺽䎮 4⼿䞍

∠A0AiAn = π − θ

2
, i = 2, . . . , n− 1

⚈㬌炻A0, A1, A2, . . . , An⽭句⛐⚻⽫䁢 O䘬⚻⻏ᶲˤ
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ᶱˣ⸛㹹↠⼊⋨➇

ˢˢ⛐ᶲᶨ⮷䭨炻ㆹᾹ嗽䎮Ḯ n㟡㡺⫸⛐抸⼊⋨➇ᶲ炻䘤䎦⚵↢㚨⣏朊䧵䘬㡅ẞ㗗㇨㚱㡺⫸䘬

㍍溆⛯句⛐抸⼊枪溆䁢⚻⽫䘬⚻⻏ᶲˤ⛐㛔⮷䭨炻ㆹᾹ⮯嗽䎮ˬn㟡㡺⫸⛐怲䓴䁢⸛㹹㚚䶂䘬⋨

➇ℏ炻⚵↢㚨⣏朊䧵䘬㡅ẞ˭ʕ ⤪㝄ㆹᾹ㈲⸛㹹㚚䶂䚳ㆸ䃉䩖⣂ᾳ䶂㭝䘬䳬⎰炻ㆹᾹ䋄㷔ˬ⛐怲

䓴䁢⸛㹹㚚䶂䘬⋨➇ℏ炻⚵↢㚨⣏朊䧵䘬㡅ẞ㗗㇨㚱㡺⫸䘬㍍溆炷⊭⏓㡺⫸冯⸛㹹㚚䶂䘬ℑᾳ

㍍溆炸⽭枰句⛐⎴ᶨ⚻⻏ᶲ炻ᶼ⚻⽫ỵ㕤ẍ㡺⫸冯⸛㹹㚚䶂㍍溆嗽䁢↯溆䘬ℑ㡅↯䶂之Ṍ溆˭ʕ

䁢Ḯὧ㕤婒㖶炻ㆹᾹ不⥐⮯⋨➇旸⇞䁢怲䓴䁢⸛㹹㚚䶂⚵䘬↠⼊⋨➇炻℞ᷕ↠⼊⋨➇㗗㊯ˬ劍

ᶨ㡅䶂㭝䘬ℑᾳ䪗溆句⛐娚⋨➇ℏ炻⇯㬌䶂㭝ᶲ䘬㇨㚱溆ḇ⽭⭂句⛐㬌⋨➇ℏ˭ʕ

椾⃰炻ㆹᾹ⃰槿嫱ˬ怲䓴䁢㉳䈑䶂䘬↠⼊⋨➇㗗⏎䫎⎰ㆹᾹ䘬䋄㷔˭ʕ 侴天⚵↢㚨⣏朊䧵炻

䓙掉⮬䘬⍇䎮⎗䞍⚵↢䘬⋨➇⽭⭂䁢↠⼊⋨➇ˤ⚈㬌⸽ᶳ⛯侫ㄖ㡺⫸⚵↢䘬⋨➇䁢↠⼊⋨➇䘬

ね㱩ˤ

⺽䎮 5. 䴎⭂ 1㟡㡺⫸攟⹎䁢 ℓ炻⛐怲䓴䁢㉳䈑䶂 y = kx2, k > 0,䘬↠⼊⋨➇ℏ⚵↢ᶨ⟲⋨➇ˤ
䔞㡺⫸⏰㯜⸛㗪炻㬌⋨➇㚫忼⇘㚨⣏朊䧵

1

6
kℓ3ˤ

Proof. 姕㡺⫸␴㉳䈑䶂Ṍ㕤 A(a, ka2)ˣB(b, kb2)炻℞ᷕ a ≤ 0ˣb ≥ 0炻⤪ᶳ⚾ˤ⇯㡺⫸㇨⚵↠

⼊⋨➇䘬朊䧵䁢

1

2
(ka2 + kb2)(b− a)−

ˆ b

a

kx2 dx

=
k

2
(b3 − ab2 + a2b− a3)− k

3
(b3 − a3)

=
k

6
(b− a)3

⚈䁢䚜奺ᶱ奺⼊㕄怲㚨攟炻㓭

b− a ≤ ℓ
x

ℓ
ℓ

A(a, ka2)

B(b, kb2)

(a, 0) (b, 0)(0, 0)

⌛⎗⼿

k

6
(b− a)3 ≤ 1

6
kℓ3

⚈㬌炻䔞㡺⫸⏰㯜⸛㗪炻㚫⚵↢㚨⣏朊䧵ˤ

⺽䎮 6. 䴎⭂ 2㟡㡺⫸攟⹎↮⇍䁢 a, b炻⛐怲䓴䁢㉳䈑䶂 y = f(x) = kx2, k > 0,䘬↠⼊⋨➇ℏ炻
姕⚵↢↠⼊⋨➇䘬枪溆䁢 A0, A1, A2炻℞ᷕ A0, A2 䁢㡺⫸冯ℑ怲䓴䘬㍍溆ˣA1 䁢ℑ㟡㡺⫸䘬㍍

溆炻⌛

A0A1 = a, A1A2 = b

姕 O䁢㉳䈑䶂ᶲẍ A0, A2ℑ溆䁢↯溆䘬ℑ㡅↯䶂之Ṍ溆炻⤪ᶳ⚾炻⇯䔞

OA0 = OA1 = OA2

㗪炻⎗⚵↢㚨⣏朊䧵ˤ
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x

O

A0 A2

(−
ℓ

2
, 0) (

ℓ

2
, 0)

a b
ℓ

A1

β β

α = β +
π

2

Proof. Ẍ ∠A0A1A2 = α (0 < α < π), ∠OA0A2 = β (0 < β <
π

2
)ˤ⸽ᶳㆹᾹ⮯⎒嫱㖶

OA0 = OA2 ␴ α = β +
π

2

䎮䓙⤪ᶳ烉⚈䁢 OA0 = OA2炻㇨ẍ ∠OA2A0 = βˤẌ A0A2 = ℓ,ᶲ式䳸⎰ˬ㬋⻎⭂䎮˭冯ˬ㬋
⻎䘬᾵奺℔式˭⎗⼿

△A0A1A2䘬⢾㍍⚻⋲⼹ =
ℓ

2 sinα
=

ℓ

2 cos β
=

ℓ sin β
sin 2β

=
ℓ sin β

sin(π − 2β)
=

ℓ sin∠A0A2O

sin∠A0OA2

= OA0

ˢˢ侫ㄖ㕘⓷柴ˬ䴎⭂ᶱ奺⼊△A0A1A2 炻⤪ỽ⛐怲䓴䁢㉳䈑䶂䘬⋨➇ℏ⚵↢㚨⣏朊䧵 炻˭䓙⺽

䎮 5⼿䞍 A0A2⽭⸛埴 x庠炻㇨ẍ OA0 = OA2ᶼ A0A2冯㉳䈑䶂⚵↢䘬朊䧵〘等㕤
1

6
kℓ3ˤ㚜忚

ᶨ㬍炻侫ㄖ㬌ℑ㟡㡺⫸冯㉳䈑䶂⚵↢䘬朊䧵炻䓙检⻎⭂䎮冯⺽䎮 5⎗⼿ᶳ↿ℑᾳ等式烉

ℓ2 = a2 + b2 − 2ab cosα (4)

㡺⫸⚵↢䘬朊䧵烉 Φ(α) =
1

2
ab sinα +

1

6
kℓ3 (5)

⮯ (4)式⮵ α⽖↮炻⼿⇘

ℓℓ′ = ab sinα (6)

⎎ᶨ㕡朊炻⮯ (5)式⮵ α⽖↮炻⚈䁢㚨⣏朊䧵䘤䓇⛐
dΦ

dα
= 0炻⚈㬌

0 =
1

2
ab cosα +

1

2
kℓ2ℓ′

⮯ (6)式ẋℍᶲ式⼿

0 =
1

2
ab cosα +

1

2
kℓ · ab sinα

䴻䦣枭⊾䯉⼿⇘

kℓ tanα = −1

⚈䁢 A0A2⸛埴㕤 x庠ᶼ A0A2 = ℓ炻㇨ẍ A2䘬 x⛸㧁䁢
ℓ

2
ˤ䓙㕤 kℓ = f ′(

ℓ

2
) = tan β炻⚈㬌妋⼿

tanα tan β = −1

⚈䁢 0 < α < π␴ 0 < β <
π

2
炻㇨ẍ α = β +

π

2
ˤ
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⺽䎮 7. 䴎⭂ n㟡㡺⫸炻攟⹎↮⇍䁢 ℓ1, ℓ2, . . . , ℓn炻⛐怲䓴䁢㉳䈑䶂 y = f(x) = kx2, k > 0,䘬↠
⼊⋨➇ℏ炻姕⚵↢↠⼊⋨➇䘬枪溆䁢 A0, A1, A2, . . . , An炻℞ᷕ A0, An 䁢㡺⫸冯怲䓴䘬㍍溆ˣAi

䁢㡺⫸攻䘬㍍溆 (1 ≤ i ≤ n− 1)炻⌛

Ai−1Ai = ℓi, i = 1, 2, . . . , n

姕 O䁢㉳䈑䶂ᶲẍ A0, Anℑ溆䁢↯溆䘬ℑ㡅↯䶂之Ṍ溆炻⤪ᶳ⚾ˤ⇯䔞

OA0 = OAi, 1 ≤ i ≤ n

㗪炻⎗⚵↢㚨⣏朊䧵ˤㆾ侭炻ẍ奺⹎堐䣢ᶲ徘㡅ẞ:Ẍ ∠OA0An = β ␴ ∠OAnA0 = β1炻⇯

β = β1 ᶼ ∠A0AiAn = β +
π

2
, 1 ≤ i ≤ n− 1

O

A0

A1

A2

An−1

An

β β1

β +
π

2

Proof. 侫ㄖ㕘⓷柴ˬ䴎⭂ᶨᾳ⣂怲⼊ A0A1A2 . . . An炻⤪ỽ⛐怲䓴䁢㉳䈑䶂䘬⋨➇ℏ⚵↢㚨⣏朊

䧵 炻˭䓙⺽䎮 5⎗䞍

∠OA0An = ∠OAnA0 = β

ℵ侫ㄖ⓷柴ˬ䴎⭂ᶨ㟡㡺⫸ A0A1 ␴ᶨᾳ⣂怲⼊ A1A2 . . . An 炻⤪ỽ⛐怲䓴䁢㉳䈑䶂䘬⋨➇ℏ⚵

↢㚨⣏朊䧵˭ʕ 䓙⺽䎮 6䞍

∠A0A1An = β +
π

2

⎴䎮炻侫ㄖℑᾳ⣂怲⼊ A0A1 . . . Ai ␴ AiAi+1 . . . An ⛐怲䓴䁢㉳䈑䶂䘬⋨➇ℏ⚵↢㚨⣏朊䧵炻℞

ᷕ冒䃞㔠 i = 2, 3, . . . , n− 1ˤᶨ㧋䓙⺽䎮 6⎗⼿

∠A0AiAn = β +
π

2
, i = 2, . . . , n− 1

⚈㬌炻A0, A1, A2, . . . , An⽭句⛐⚻⽫䁢 O䘬⚻⻏ᶲˤ

䓙ᶲ徘⺽䎮⎗䞍炻怲䓴䁢㉳䈑䶂䘬↠⼊⋨➇炻䫎⎰ㆹᾹ䘬䋄㷔ˤ㇨ẍㆹᾹ忚ᶨ㬍゛天嫱㖶怲

䓴䁢⸛㹹㚚䶂䘬↠⼊⋨➇炻㗗⏎ḇ㚫䫎⎰ㆹᾹ䘬䋄㷔ˤ
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⺽䎮 8. 䴎⭂ 1㟡㡺⫸攟⹎䁢 ℓ炻⛐怲䓴䁢⸛㹹㚚䶂 y = f(x)䘬↠⼊⋨➇ℏ⚵↢ᶨ⟲⋨➇ˤ姕

A,B 䁢㡺⫸冯ℑ怲䓴䘬㍍溆ˣO䁢 y = f(x)ᶲẍ A␴ B ℑ溆䁢↯溆䘬ℑ㡅↯䶂䘬Ṍ溆炻⤪ᶳ

⚾ˤ䔞 OA = OB 㗪炻⎗⚵↢㚨⣏朊䧵ˤ

O

ℓ

LB

LA

A(a, f(a))

B(b, f(b))

β

β1

Proof. 姕 A䘬⛸㧁䁢 (a, f(a))ˣB䘬⛸㧁䁢 (b, f(b))ˣy = f(x)ᶲẍ A␴ Bℑ溆䁢↯溆䘬↯䶂

↮⇍䁢 LA␴ LB ˣAB冯 LA䘬⣦奺䁢 βˣAB冯 LB 䘬⣦奺䁢 β1炻⤪ᶲ⚾ˤ䓙⽖↮⍲䚜䶂㕄䌯

䘬⭂佑⎗⼿

LA䘬㕄䌯 = f ′(a)

LB 䘬㕄䌯 = f ′(b)

AB 䘬㕄䌯烉m =
f(b)− f(a)

b− a
(7)

ℵ䓙㬋↯䘬ⶖ奺℔式⼿⇘

tan β =
m− f ′(a)

1 +mf ′(a)
(8)

tan β1 =
f ′(b)−m

1 +mf ′(b)
(9)

侫ㄖ㡺⫸䘬攟⹎炻ẍ⍲㡺⫸⛐㬌↠⼊⋨➇ℏ⚵↢䘬朊䧵ˤㆹᾹ㚱ᶳ↿ℑᾳ等式烉

ℓ2 = [f(b)− f(a)]2 + (b− a)2 (10)

㡺⫸⚵↢䘬朊䧵烉 Φ =
[f(a) + f(b)](b− a)

2
−
ˆ b

a

f(x) dx (11)

⚈䁢 ℓ䁢⶚䞍䘬⭂ῤ炻䓙 (10)式⎗䞍炻ㆹᾹ⎗⮯ b䚳ㆸ㗗 a䘬↥㔠ˤ⚈㬌⮯ (10)式ℑ怲⎴㗪⮵
a⽖↮炻⼿

0 = 2[f(b)− f(a)][b′f ′(b)− f ′(a)] + 2(b− a)(b′ − 1)

⊾䯉⎗⼿

1− b′ =
f(b)− f(a)

b− a
[b′f ′(b)− f ′(a)]

㈲ (7)式ẋℍᶲ式炻妋⼿

b′ =
1 +mf ′(a)

1 +mf ′(b)
(12)

11



⛐ (11)式ᷕ炻⚈䁢㚨⣏朊䧵䘤䓇⛐
dΦ

da
= 0炻䓙⽖䧵↮➢㛔⭂䎮⼿

0 =
f ′(a) + b′f ′(b)

2
(b− a) +

f(a) + f(b)

2
(b′ − 1)− b′f(b) + f(a)

䴻⊾䯉⎗⼿

f(a)− f(b)

b− a
(b′ + 1) + [b′f ′(b) + f ′(a)] = 0

ℵ㈲ (7)式ẋℍᶲ式炻妋⼿

b′ =
m− f ′(a)

f ′(b)−m
(13)

䵄⎰ (12)␴ (13)ℑ式炻⌛⼿

1 +mf ′(a)

1 +mf ′(b)
=

m− f ′(a)

f ′(b)−m

ℵ䓙 (8)␴ (9)ℑ式⼿

tan β =
m− f ′(a)

1 +mf ′(a)
=

f ′(b)−m

1 +mf ′(b)
= tan β1

㓭⼿嫱ˤ

⺽䎮 9. 䴎⭂ 2㟡㡺⫸攟⹎↮⇍䁢 a, b炻⛐怲䓴䁢⸛㹹㚚䶂 y = f(x)䘬↠⼊⋨➇ℏ炻姕⚵↢↠⼊

⋨➇䘬枪溆䁢 A0, A1, A2炻℞ᷕ A0, A2䁢㡺⫸冯ℑ怲䓴䘬㍍溆ˣA1䁢ℑ㟡㡺⫸䘬Ṍ溆炻⌛

A0A1 = a, A1A2 = b

姕 O䁢⸛㹹㚚䶂ᶲẍ A0, A2ℑ溆䁢↯溆䘬ℑ㡅↯䶂之Ṍ溆炻⤪ᶳ⚾ˤ䔞

OA0 = OA1 = OA2

㗪炻⎗⚵↢㚨⣏朊䧵ˤㆾ侭炻ẍ奺⹎堐䣢ᶲ徘㡅ẞ烉Ẍ ∠OA0A2 = β ␴ ∠OA2A0 = β1炻⇯

β = β1 ᶼ ∠A0A1A2 = β +
π

2

O

ℓ
A0(r, f(r))

A2(s, f(s))

β

β1

A1

α = β +
π

2

a

b

12



Proof. 姕 A0 䘬⛸㧁䁢 (r, f(r))ˣA2 䘬⛸㧁䁢 (s, f(s))ˣA0A2 = ℓˣ∠A0A1A2 = α, 0 < α ≤ π,
⤪ᶲ⚾ˤ侫ㄖ㕘⓷柴ˬ䴎⭂△A0A1A2 炻⤪ỽ⛐怲䓴䁢⸛㹹㚚䶂䘬⋨➇ℏ⚵↢㚨⣏朊䧵 炻˭䓙⺽

䎮 8䞍 ∠OA0A2 = ∠OA2A0炻⌛ β = β1ˤ⚈㬌炻

0 < β <
π

2

⎎ᶨ㕡朊炻䓙㕄䌯冯⽖↮⭂佑⎗⼿ᶳ↿等式

A0䘬↯䶂㕄䌯 = f ′(r)

A2䘬↯䶂㕄䌯 = f ′(s)

A0A2䘬㕄䌯烉m =
f(s)− f(r)

s− r
(14)

ℵ䓙㬋↯䘬ⶖ奺℔式⼿⇘

tan β =
m− f ′(r)

1 +mf ′(r)
=

f ′(s)−m

1 +mf ′(s)
(15)

侫ㄖ㬌ℑ㟡㡺⫸⛐↠⼊⋨➇ℏ⚵↢䘬朊䧵炻䓙检⻎⭂䎮冯䧵↮⭂佑⎗⼿ᶳ↿ℑᾳ等式烉

ℓ2 = a2 + b2 − 2ab cosα = (s− r)2 + [f(s)− f(r)]2 (16)

㡺⫸⚵↢䘬朊䧵烉 Φ =  
1

2
ab sinα +

f(r) + f(s)

2
(s− r)−

ˆ s

r

f(x)dx (17)

䓙 (14)␴ (15)ℑ式炻ㆹᾹ⎗⮯ s䚳ㆸ㗗 r䘬↥㔠ˤℵ⮯ s = s(r)ẋℍ (16)式炻⚈䁢 a, b䁢⶚䞍

䘬⭂ῤ炻⚈㬌 r⎗ẍ䚳ㆸ㗗 α䘬↥㔠ˤ㓭 r, s⛯⎗䚳ㆸ㗗 α䘬↥㔠ˤ䎦⛐炻⮯ (16)式ℑ怲⎴㗪
⮵ α⽖↮炻⼿

2ab sinα = 2(s− r)(s′ − r′) + 2[f(s)− f(r)][s′f ′(s)− r′f ′(r)]

⊾䯉⎗⼿

ab sinα
s− r

= (s′ − r′) +
f(s)− f(r)

s− r
[s′f ′(s)− r′f ′(r)]

㈲ (14)式ẋℍᶲ式炻⼿

ab sinα
s− r

= (s′ − r′) +m[s′f ′(s)− r′f ′(r)]

= s′[1 +mf ′(s)]− r′[1 +mf ′(r)]

㍍叿ℵ⮯ (15)式ẋℍ炻⼿

ab sinα
s− r

= s′[
f ′(s)−m

tan β
]− r′[

m− f ′(r)

tan β
]

13



䦣⎹⎗⼿

−m(s′ + r′) =
ab sinα
s− r

tan β − [r′f ′(r) + s′f ′(s)] (18)

⛐ (17)式ᷕ炻⚈䁢㚨⣏朊䧵䘤䓇⛐
dΦ

dα
= 0

0 =
1

2
ab cosα +

r′f ′(r) + s′f ′(s)

2
(s− r) +

f(r) + f(s)

2
(s′ − r′)− [s′f(s)− r′f(r)]

䴻⊾䯉⎗⼿

0 =
ab cosα
s− r

+ [r′f ′(r) + s′f ′(s)] +
f(r)− f(s)

s− r
(s′ + r′)

㈲ (14)式ẋℍᶲ式炻⼿

0 =
ab cosα
s− r

+ [r′f ′(r) + s′f ′(s)]−m(s′ + r′)

㍍叿ℵ⮯ (18)式ẋℍ炻⼿

0 =
ab cosα
s− r

+ [r′f ′(r) + s′f ′(s)] +
ab sinα
s− r

tan β − [r′f ′(r) + s′f ′(s)]

䦣⎹⊾䯉妋⼿

tanα tan β = −1

⚈䁢 0 < α ≤ π␴ 0 < β <
π

2
炻㇨ẍ

α = β +
π

2

ḇ⯙㗗婒炻A0, A1, A2ᶱ溆句⛐ẍ O䁢⚻⽫䘬⚻⻏ᶲˤ

ᷣ天⭂䎮 3. 䴎⭂ n㟡㡺⫸炻攟⹎↮⇍䁢 ℓ1, ℓ2, . . . , ℓn炻⛐怲䓴䁢⸛㹹㚚䶂 y = f(x)䘬↠⼊⋨➇

ℏ炻姕⚵↢↠⼊⋨➇䘬枪溆䁢 A0, A1, A2, . . . , An炻℞ᷕ A0, An 䁢㡺⫸冯怲䓴䘬㍍溆ˣAi 䁢㡺⫸

攻䘬㍍溆 (1 ≤ i ≤ n− 1)炻⌛

Ai−1Ai = ℓi, i = 1, 2, . . . , n

姕 O䁢⸛㹹㚚䶂ᶲẍ A0, Anℑ溆䁢↯溆䘬ℑ㡅↯䶂之Ṍ溆炻⤪ᶳ⚾ˤ䔞

OA0 = OAi, 1 ≤ i ≤ n

㗪炻⎗⚵↢㚨⣏朊䧵ˤㆾ侭炻ẍ奺⹎堐䣢ᶲ徘㡅ẞ烉Ẍ ∠OA0An = β ␴ ∠OAnA0 = β1炻⇯

β = β1 ᶼ ∠A0AiAn = β +
π

2
, 1 ≤ i ≤ n− 1

14



O

A0

A1 A2

An−1

An

β

β1

β + π/2

Proof. 侫ㄖ㕘⓷柴ˬ䴎⭂ᶨᾳ⣂怲⼊ A0A1A2 . . . An炻⤪ỽ⛐怲䓴䁢⸛㹹㚚䶂䘬⋨➇ℏ⚵↢㚨⣏

朊䧵 炻˭䓙⺽䎮 8⎗䞍

β = β1

ℵ侫ㄖ⓷柴ˬ䴎⭂ᶨ㟡㡺⫸ A0A1 ␴ᶨᾳ⣂怲⼊ A1A2 . . . An 炻⤪ỽ⛐怲䓴䁢⸛㹹㚚䶂䘬⋨➇ℏ

⚵↢㚨⣏朊䧵˭ʕ 䓙⺽䎮 9䞍

∠A0A1An = β +
π

2

⎴䎮炻侫ㄖℑᾳ⣂怲⼊ A0A1 . . . Ai ␴ AiAi+1 . . . An ⛐怲䓴䁢⸛㹹㚚䶂䘬⋨➇ℏ⚵↢㚨⣏朊䧵炻

℞ᷕ冒䃞㔠 i = 2, 3, . . . , n− 1ˤℵ䓙⺽䎮 9⎗⼿

∠A0AiAn = β +
π

2
, i = 2, . . . , n− 1

⚈㬌炻A0, A1, A2, . . . , An⽭句⛐⚻⽫䁢 O䘬⚻⻏ᶲˤ

⚃ˣ⎎栆䘬等周不等式

ˢˢ⛐㛔⮷䭨之⇵ㆹᾹ妶婾䘬悥㗗⤪ỽ䓐㡺⫸⚵↢㚨⣏朊䧵炻ẍᶳㆹᾹ⮯延伸⇘⤪ỽ䓐丑⫸⚵

↢㚨⣏朊䧵ˤᶨ凔侴妨炻⺻⼊㗗㊯⚻ℏ悐塓䚜䶂√ᶳἮ䘬悐↮ˤ䁢Ḯὧ㕤㹅忂炻ㆹᾹ⮯↠⼊⋨

➇塓䚜䶂√ᶳἮ䘬悐↮炻ḇ䧙之䁢ˬ⺻⼊˭ʕ

ᶨ凔䘬等周不等式㗗㊯䓐ᶨ㡅丑⫸⛐攳㓦䘬⋨➇ℏ炻䓙冒⶙㛔幓⚵↢ᶨᾳ⮩攱⋨➇ˤ侴ㆹᾹ

 䘬⎎栆䘬等周不等式㗗䴎⭂怲䓴炻䓙丑⫸␴怲䓴ᶨ崟⚵↢ᶨᾳ⮩攱⋨➇ˤ⚈㬌ㆹᾹ⎗ẍ⚵↢

䘬㚨⣏朊䧵ᶨ⭂⣏㕤⛐⍇Ἦ䘬攳㓦⋨➇ℏ⚵↢䘬朊䧵ˤ

ᷣ天⭂䎮 4. 䴎⭂ᶨ㡅攟⹎䁢 ℓ䘬丑⫸炻⛐枪溆䁢 Oˣ⣦奺䁢 θ䘬抸⼊⋨➇ℏ⚵↢ᶨ⟲⋨➇ˤ⇯

䔞丑⫸句⛐ẍ O䁢⚻⽫䘬⚻⻏ᶲ㗪炻㬌㗪⚵↢⋨➇䘬朊䧵䁢㚨⣏ˤ㚜忚ᶨ㬍炻姕⚵↢⋨➇䘬朊

䧵䁢 A炻⇯㚱ᶳ↿䘬等周不等式

A ≤ ℓ2

2θ

15



θ

O

A

B

ℓ

Proof. 姕丑⫸冯怲䓴䘬㍍溆䁢 A,B ℑ溆ˤㆹᾹ⎗⮯⓷柴䚳ㆸˬ䓙⺻⼊ AB⌢⛐抸⼊⋨➇ℏ⚵↢㚨

⣏朊䧵 炻˭䓙⺽䎮 3䞍 OA = OB ˤ䎦⛐炻ℵ⍾㬌㚚䶂ᶲ䘬ảᶨ≽溆 P炻᷎⮯⓷柴䚳ㆸˬ䓙ℑᾳ

⺻⼊ AP⌢␴ PB⌢炻⛐抸⼊⋨➇ℏ⚵↢㚨⣏朊䧵˭ʕ 䓙⺽䎮 4䞍

∠APB = π − θ

2

⚈㬌≽溆 P ⽭⛐ẍ O䁢⚻⽫炻OA䁢⋲⼹䘬⚻⻏ᶲ炻⌛ OP = OAˤ䓙㬌⎗䞍炻㚨⣏朊䧵䘤䓇

⛐㬌㚚䶂句⛐ẍ O䁢⚻⽫ˣOA䁢⋲⼹䘬⚻⻏ᶲˤ㬌㗪炻⚻⻏䘬⋲⼹䁢

OA =
ℓ

θ

㚨⣏朊䧵䁢

1

2

(
ℓ

θ

)2

θ =
ℓ2

2θ

㓭⼿嫱ˤ

ᷣ天⭂䎮 5. 䴎⭂ᶨ㡅攟⹎䁢 ℓ䘬丑⫸炻⛐怲䓴䁢⸛㹹㚚䶂䘬↠⼊⋨➇ℏ炻⚵↢ᶨ⟲⋨➇ˤ㬌⚵

↢⋨➇㚨⣏朊䧵䘤䓇⛐ˬẍ丑⫸ℑ䪗冯⸛㹹㚚䶂㍍溆嗽䁢↯溆䘬ℑ㡅↯䶂之Ṍ溆䁢⚻⽫炻㬌Ṍ

溆⇘㍍溆䘬攟⹎䁢⋲⼹炻㇨䔓↢䘬⚻⻏ᶲ 炻˭⤪ᶳ⚾ˤ

O

A

B

β

β

P
β +

π

2

Proof. 姕丑⫸ℑ䪗冯㚚䶂䘬㍍溆↮⇍䁢 A,B ˣAB 冯ẍ A 䁢↯溆䘬↯䶂䘬⣦奺䁢 βˣAB 冯

ẍ B 䁢↯溆䘬↯䶂䘬⣦奺䁢 β1 ˣ㬌ℑ㡅↯䶂Ṍ㕤 O炻⤪ᶲ⚾ˤㆹᾹ⎗⮯⓷柴䚳ㆸˬ䓙⺻⼊

AB⌢炻⛐怲䓴䁢⸛㹹㚚䶂䘬↠⼊⋨➇ℏ⚵↢㚨⣏朊䧵 炻˭䓙⺽䎮 8䞍㚨⣏朊䧵䘤䓇⛐ β = β1 炻⌛

16



OA = OBˤ䎦⛐炻ℵ⍾㬌㚚䶂ᶲ䘬ảᶨ≽溆 P炻᷎⮯⓷柴䚳ㆸˬ䓙ℑᾳ⺻⼊ AP⌢␴ PB⌢⛐怲䓴

䁢⸛㹹㚚䶂䘬↠⼊⋨➇ℏ⚵↢㚨⣏朊䧵˭ʕ 䓙⺽䎮 9䞍

∠APB = β +
π

2

⌛ P 溆句⛐ẍ O䁢⚻⽫ˣẍ OA䁢⋲⼹䘬⚻⻏ᶲˤ⎴䎮⎗⼿炻丑⫸ᶲ䘬㭷ᶨ溆ḇ⽭句⛐㬌⚻⻏

ᶲˤ䓙㬌⎗䞍炻㚨⣏朊䧵䘤䓇⛐㬌丑⫸句⛐ẍ O䁢⚻⽫ˣOA䁢⋲⼹䘬⚻⻏ᶲˤ

ᷣ天⭂䎮 6. ẍ攟⹎䁢 ℓ䘬丑⫸炻⛐怲䓴䁢㉳䈑䶂 y = kx2 (k > 0)䘬↠⼊⋨➇ℏảシ⚵↢ᶨ⟲⋨
➇ˤ姕⚵↢⋨➇䘬朊䧵䁢 A炻⇯㚱ᶳ↿不等式

A ≤ (
1

2θ
− sin θ

6θ2
)ℓ2

℞ᷕ θ䁢ᶳ↿㕡䦳式䘬妋烉

2kℓ sin2 θ

2
= θ cos

θ

2
, 0 < θ < π

A ≤

(

1

2θ
−

sin θ

6θ2

)

ℓ2

x

y = kx2

ℓ

Proof. 姕丑⫸冯㉳䈑䶂 y = kx2Ṍ㕤 A,B ℑ溆炻䓙⺽䎮 5䞍⚵↢㚨⣏朊䧵㗪炻AB㚫⸛埴 x庠ˤ

⚈㬌炻姕 A,B ℑ溆䘬⹏㧁⎗姕䁢 A(−a, ka2)␴ B(a, ka2)ˤℵẌẍ A,B 䁢↯溆䘬ℑ㡅↯䶂䘬Ṍ

溆䁢 Oˣ⣦奺䁢 θ炻⤪ᶳ⚾ˤ䓙ᷣ天⭂䎮 5䞍炻丑⫸⽭⭂句⛐ẍ O䁢⚻⽫ˣẍ OA䁢⋲⼹䘬⚻

⻏ᶲˤ⚈㬌㚱ᶳ↿等式

OA =
ℓ

θ

a =
ℓ

θ
sin

θ

2

OB 䘬㕄䌯: f ′(a) = 2ka = 2k
ℓ

θ
sin

θ

2

䓙ᶱ奺⸦ỽ䞍忻 f ′(a) = tan(
π

2
− θ

2
)炻⚈㬌

tan(
π

2
− θ

2
) = 2k

ℓ

θ
sin

θ

2

x

A(−a, ka2) B(a, ka2)

O

C DE FG

ℓ

θ

⊾䯉⎗⼿

2kℓ sin2 θ

2
= θ cos

θ

2
(19)

䔞 0 < θ < π㗪炻ᶲ徘㕡䦳式㚫㚱ⓗᶨ妋炻婳⍫夳旬抬ˤ㍍ᶳἮ⎒天䬿↢丑⫸⚵↢䘬㚨⣏朊䧵炻

⌛⎗ˤ姕 E,F ↮⇍䁢 OA, OB 冯 x庠䘬Ṍ溆ˤ⚈䁢 FD · f ′(a) = BD炻㇨ẍ

FD = ka2 ÷ f ′(a) =
a

2

17



⌛ F 䁢 OB 䘬ᷕ溆炻㓭⼿△OFG = △BFDˤ⎴䎮⎗⼿△OEG = △AECˤ䓙䧵↮⭂佑⎗⼿

⚵↢䘬朊䧵: A ≤ 1

2
(
ℓ

θ
)2θ −

ˆ a

−a

kx2 dx =
ℓ2

2θ
− 2

3
ka3 =

ℓ2

2θ
− 2

3
k(

ℓ

θ
sin

θ

2
)3

ẋℍ (19)式᷎⊾䯉⎗⼿

A ≤ (
1

2θ
− sin θ

6θ2
)ℓ2

⌛⼿嫱ˤ

ḳ⮎ᶲ炻⎒天䴎⭂怲䓴䁢⸛㹹㚚䶂䘬↠✳⋨➇炻ㆹᾹ悥⎗ẍ㯪↢℞䚠ㅱ䘬等周不等式ˤỮ枰

㲐シ䘬㗗炻㚱㗪⽭枰天旸⇞丑攟ˤ⏎⇯㇨⚵䘬㚨⣏朊䧵⋨➇㚫嬲ㆸ不㗗↠✳⋨➇炻㬌ね㱩⶚僓

暊㛔研究䘬ᷣ柴ˤẍᶳㆹᾹℵẍ⋲⚻⼊⋨➇䁢ἳ炻㯪↢℞䚠ㅱ䘬等周不等式ˤ䔞丑攟 ℓ等㕤䚜

⼹㗪炻⚵↢㚨⣏朊䧵䘬ね㱩〘䁢⋲⚻⼊⋨➇烊䔞丑攟 ℓ⣏㕤䚜⼹㗪炻⚵↢㚨⣏朊䧵䘬⋨➇⶚朆

↠✳⋨➇炻⚈㬌ㆹᾹ旸⇞丑攟 ℓ⮷㕤䚜⼹ˤ

ᷣ天⭂䎮 7. ẍ攟⹎䁢 ℓ䘬丑⫸炻⛐⋲⼹䁢 r 䘬⋲⚻⼊⋨➇ℏảシ⚵↢ᶨ⟲⋨➇炻℞ᷕ ℓ < 2rˤ

姕⚵↢⋨➇䘬朊䧵䁢 A炻⇯㚱ᶳ↿不等式

A ≤ ℓ2

2θ
+

1

2
r2(π − θ)− rℓ

θ

℞ᷕ θ䁢ᶳ↿㕡䦳式䘬妋烉

ℓ tan
θ

2
= rθ, 0 < θ < π

x

A B

O

C

r ℓ

θ

Proof. 姕丑⫸冯怲䓴Ṍ㕤 A,B ℑ溆ˣẍ A,B 䁢↯溆䘬ℑ㡅↯䶂䘬Ṍ溆䁢 Oˣ⣦奺䁢 θ炻⤪ᶲ

⚾ˤ䓙ᷣ天⭂䎮 5䞍炻丑⫸⽭⭂句⛐ẍ O䁢⚻⽫ˣẍ OA䁢⋲⼹䘬⚻⻏ᶲˤ⚈㬌㚱ᶳ↿等式

r = OA · tan
θ

2
=

ℓ

θ
tan

θ

2
⌛

ℓ tan
θ

2
= rθ

䔞 0 < ℓ < 2r㗪炻ᶲ徘㕡䦳式⛐ 0 < θ < π㚫㚱ⓗᶨ妋炻婳⍫夳旬抬ˤ㍍ᶳἮ䬿↢丑⫸⚵↢䘬㚨

⣏朊䧵炻⤪ᶳ㇨䣢:

⚵↢䘬朊䧵烉A ≤⚵↢䘬㚨⣏朊䧵
=㇯⼊CAB +㇯⼊OAB −⚃怲⼊OACB

=
1

2
r2(π − θ) +

1

2
OA

2
θ −OA · r

⮯ OA =
ℓ

θ
ẋℍᶲ式炻⌛⼿嫱ˤ
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倮ˣ䳸婾冯⯽㛃

ˢˢ㛔研究崟⥳㕤ᶨᾳᶨ⃫Ḵ㫉↥㔠䘬⓷柴炻侴⺽䘤等周不等式䘬延伸研究ˤᷣ柴↮䁢ℑ悐↮烉

䫔ᶨ悐↮㗗㍊妶 n㟡㡺⫸⤪ỽ⚵↢㚨⣏朊䧵ˣ䫔Ḵ悐↮㗗㍊妶ᶨ㡅丑⫸⤪ỽ⚵↢㚨⣏朊䧵ˤ䫔

ᶨ悐↮⼿⇘䘬研究䳸㝄⤪ᶳ烉

(ᶨ) n㟡㡺⫸⛐⋲⸛朊⋨➇ℏ⚵↢⣂怲⼊䘬㚨⣏朊䧵䘤䓇⛐ˬ㇨㚱㡺⫸䘬㍍溆⛯句⛐⎴ᶨ⋲⚻

ᶲ˭ʕ

(Ḵ) n㟡㡺⫸⛐抸⼊⋨➇ℏ⚵↢⣂怲⼊䘬㚨⣏朊䧵䘤䓇⛐ˬ㇨㚱㡺⫸䘬㍍溆⛯句⛐ẍ抸⼊枪溆

䁢⚻⽫䘬⎴ᶨ⚻⻏ᶲ˭ʕ

(ᶱ) n㟡㡺⫸⛐↠⼊⋨➇ℏ⚵↢䘬㚨⣏朊䧵䘤䓇⛐ˬẍ㡺⫸冯怲䓴㍍溆䁢↯溆䘬ℑ↯䶂Ṍ溆䁢

⚻⽫炻㇨㚱㡺⫸䘬㍍溆⛯句⛐㬌⚻⽫䘬⎴ᶨ⚻⻏ᶲ˭ʕ

䫔Ḵ悐↮⼿⇘䘬研究䳸㝄⤪ᶳ烉

(ᶨ) ᶨ㡅丑⫸⛐抸⼊⋨➇ℏ⚵↢䘬㚨⣏朊䧵䘤䓇⛐ˬ丑⫸䘬年嶉句⛐ẍ抸⼊枪溆䁢⚻⽫䘬⚻⻏
ᶲ˭ʕ

(Ḵ) ᶨ㡅丑⫸⛐↠⼊⋨➇ℏ⚵↢䘬㚨⣏朊䧵䘤䓇⛐ˬ丑⫸冯怲䓴㍍溆䁢↯溆䘬ℑ↯䶂Ṍ溆䁢⚻
⽫炻丑⫸䘬年嶉句⛐㬌⚻⽫䘬⚻⻏ᶲ˭ʕ

㟡㒂䫔Ḵ悐↮⼿⇘䘬⭂䎮炻ㆹᾹ⼿⇘Ḯ㉳䈑䶂䘬等周不等式炻㔀徘⤪ᶳ烉

(ᶱ) ⛐怲䓴䁢㉳䈑䶂 y = kx2 (k > 0)䘬↠⼊⋨➇ℏ炻ẍ攟⹎䁢 ℓ䘬丑⫸⚵↢䘬朊䧵䁢 A炻⇯㚱

A ≤ (
1

2θ
− sin θ

6θ2
)ℓ2

℞ᷕ θ㺧嵛ᶳ↿㕡䦳式

2kℓ sin2 θ

2
= θ cos

θ

2
, 0 < θ < π.

(⚃) ẍ攟⹎䁢 ℓ䘬丑⫸炻⛐⋲⼹䁢 r䘬⋲⚻⼊⋨➇ℏảシ⚵↢ᶨ⟲⋨➇炻℞ᷕ ℓ < 2rˤ姕⚵↢

⋨➇䘬朊䧵䁢 A炻⇯㚱ᶳ↿不等式

A ≤ ℓ2

2θ
+

1

2
r2(π − θ)− rℓ

θ

℞ᷕ θ䁢ᶳ↿㕡䦳式䘬妋烉

ℓ tan
θ

2
= rθ, 0 < θ < π.

ˢˢᶨ凔侴妨炻䴎⭂⚢⭂攟⹎䘬丑⫸炻⬫㇨傥⚵↢⋨➇䘬朊䧵⽭⭂㚫㚱ᶲ䓴ˤ⍇Ἦ䘬等周不等

式㗗⛐攳㓦䘬⋨➇ℏ炻ẍ不等式 4πA ≤ ℓ2Ἦ⏰䎦朊䧵冯丑攟䘬斄Ὢˤ侴ㆹᾹ 䘬⎎栆䘬等周不

等式㗗⛐怲䓴䁢⸛㹹㚚䶂䘬↠⼊⋨➇炻㛔研究ẍ㉳䈑䶂怲䓴䁢ἳ炻⎗⼿朊䧵冯丑攟䘬斄Ὢ不等

式ˤ⛐⼨⼴䘬延伸研究墉炻ㆹᾹ⺢嬘⎗⽆ᶳ↿ℑᾳ㕡⎹ 崟烉
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(ᶨ) n㟡㡺⫸⛐怲䓴䁢⸛㹹㚚䶂䘬↡✳⋨➇ℏ⚵↢㚨⮷ (ㆾ㚨⣏)朊䧵䘬㡅ẞ䁢ỽ烎

(Ḵ) ᶨ㡅⚢⭂攟⹎䘬丑⫸⛐怲䓴䁢⸛㹹㚚䶂䘬↡✳⋨➇ℏ⚵↢㚨⮷ (ㆾ㚨⣏)朊䧵䘬㡅ẞ䁢ỽ烎
㬌㗪⚵↢䘬朊䧵冯丑攟㚫㚱Ṩ湤斄Ὢ式烎

ẵˣ旬抬

⭂䎮 1. 䴎⭂ k > 0␴ ℓ > 0炻⇯㕡䦳式

2kℓ sin2 θ

2
= θ cos

θ

2
, 0 < θ < π,

㚱ⓗᶨ妋ˤ

Proof. 侫ㄖ↥㔠

ϕ(x) =
x cosx
sin2 x

, x ∈ (0,
π

2
),

⚈㬌

ϕ′(x) = cosx · (sinx)−2 − x(sinx)−1 − 2x cos2 x(sinx)−3

䴻妰䬿⎗⼿

ϕ′(x) = x(sinx)−3[cosx · sinx
x

− 1− cos2 x]

⚈䁢䔞 0 < x <
π

2
㗪炻

sinx
x

< 1, sin x > 0, 1 > cosx > 0,㇨ẍ

ϕ′(x) < x(sinx)−3[cosx− 1− cos2 x] < 0

⌛ ϕ = ϕ(x)䁢怆㷃↥㔠ˤ⍰

lim
x→π

2
−

x cosx
sin2 x

= 0 ẍ⍲ lim
x→0+

x cosx
sin2 x

= lim
x→0+

cosx
sinx

= +∞

㓭 ϕ(x) = kℓ⛐ 0 < x <
π

2
㚱ⓗᶨ妋ˤ

⭂䎮 2. 姕 0 < ℓ < 2r炻⇯㕡䦳式

ℓ tan
θ

2
= rθ, 0 < θ < π,

㚱ⓗᶨ妋ˤ
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Proof. 侫ㄖ↥㔠

ϕ(x) =
tanx
x

, x ∈ (0,
π

2
),

⚈㬌

ϕ′(x) =
sec2 x · x− tanx

x2
=

x− sinx cosx
x2 cos2 x

⚈䁢䔞 0 < x <
π

2
㗪炻ㆹᾹ㚱 x > sinx, sinx > 0, 1 > cosx > 0,㇨ẍ

ϕ′(x) >
sinx− sinx cosx

x2 cos2 x
> 0

⌛ ϕ = ϕ(x)䁢怆⡆↥㔠ˤ⍰

lim
x→0+

tanx
x

= 1 ẍ⍲ lim
x→π

2
−

tanx
x

= +∞

㓭 ϕ(x) =
2r

ℓ
⛐ 0 < x <

π

2
㚱ⓗᶨ妋ˤ

映ˣ⍫侫㔯䌣

[1] Isoperimetric inequality, http://en.wikipedia.org/wiki/Isoperimetric_inequality
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