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HER « = BRI SRS —RRA0%53 1 S (o) = (%) (mod 2)8 - p B2 pRigts
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=~ BIEK
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BB T O T B > ST BRSNS A S BRI R PR
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— DI EBICRILS (n, k) OB - (25 B BRI R T)

= BB SCBIIES (2n,n) EEES - nEBH Fibbinary numbers(3 B ELAAE FATET)

=~ HEEEERESBn, n) B E S - nUIREE - (DU RE R BIFAIGER)
HERDMIES(5n,n) = (7)) (mod 2) I - BipfRaf -

g

T RS (rn) = (7)) (mod 2) 15 » psip (4 -
75 ~ FIFA python (LH R BB 25 (5 VB 81 ¢

£ BRI BB AT 2 B -

I\~ DIFERPE S (n, k)TE mod 3 A& FHIZFH I
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2 - L EREME NG

— ~ BB MHHTIR EE B (Stirling number of second kind)
(—) B TR EE 8 (Stirling number of second kind)fYE

FIREES(n, k) > Hbn, kR IERE > HUERER MBI TR o ECEk(ETE
HYITER > AS(4, k) Rl - A~ B~ C~D U ERTA AR L & HEERTA AER—4
LS (4, 1)=1  ERTA AR 4 8 > HEEE AL - NS (4,4)=1 - &Rk 2 4 > B
{A,BHC, D}, {A CH{B,D},{A DHB,C},{A}{B, C,D},{BHA,C,D}, {CHA, B, D}, {D}{A,B,C} ,

I $(4,2) =7 [A#S(4,3) =6 -
(Z) 55 FHHTRF 228 (Stirling number of second kind)iV4EE[2]
A LU N IRE MR
S(nk)=Sm—1,k—1)+kS(n—1,k)
it k=0 FERE

iS(nk)x”—|k| ad
' Sl l1-ix
n=0 =1

ES—EAN T ERETR (EAYIITAHED -

k

S(n, k) = %Z <Ilc) (—Dik — )™
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iin < k% : S(n, k) =0
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* o TRCGHTTEE - DU T8 TR R ES (n k) o BTN THTRT RS,
vy (MWERBME (FEAHFER AR - (E SRR A (58 A BT LA )
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v (MATEF
H—(EE B - FHTEFv,(n) = max{i e N: p' | n}

(D) v, (MBELLTHEE
1. v,(ab) = v,(a) + v,(b)

2. (%) = vy(a) — v, (b)
__ n—sp(n)
3. VneN, y,(n!) = o
n\\ _ Sp(B)t+sp(n—k)—sp(n)
S ((k)) = 1
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sp(MIYEF
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U~ R EES]

EHFHEEE (Lucas’ Theorem)
sim, K Ep iR T ENFRTL  HPp R (EE -
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i=0
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M ERoRRE - I FERENHETE -

[EHE1]) [1] : B EEEN, kERFA -
0, (mod 2),ifn <k

k
S(nk) = ("‘ liJ B 1) (mod 2),ifn >k
n—k

[58HH]
P W73 2k EE IR
(—) HEZEn < kHF > S(n,k) =0 #S(n, k) = 0 (mod 2)
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ZS(n,k)x" = Hlfixz T (mod 2)
X k+1

e S

_xz(l)n< [—J+ )>

i RBURER > FERT S ERES

BAIB R HMEERI BRI RIS R > 585 -
5 1 R 1 2% H O-Yeat Chan 25 A [1MVER S FeffoilE 7 HEgHEE - WA HEEE
MR HETTIREIHIT -

[ 2R EST] O — Yeat ChanZE A FBEHFGES(2n, n) B3 EEF » /&R Fibbinary numbers
£ O-Yeat Chan ¢ A\ [1HYBFZEH > Ho—{E HEEZ R AT LU ke S (2n, n) @ =1 8iyn = LA
N FyiZam LAY T EBLUERE -
» JRERSCHYEEHE S (2n, n) 2T 8y - noi HERS B 7Y Fibbinary numbers Y3352
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HhE st ERERETIE - 152051 25 AT ¢
0,1,2,4,5,8,9,10, 16, 17, 18, 20, 21, 32, 33, 34, 36, 37, 40, 41, 42, 64, 65, 66, 68

B R (g A Sloane’s Online Encyclopedia of Integer Sequences(OEIS)[3]r » #5835
A EETEE— B ERVES] © A003714 - X {F Fibbinary numbers [4] - EHIME 5% E5 T
o —THAY ERIMERCHE AR AL BE I/ NS 2 A EEER o B BRI A EERY 1 (Fl
21=(10101)2 , 19=(10011)2 BIRFF)  RIEEMFIER] » FHEFESS2n, n) @& 8 » nds HESBR
Fibbinary numbers - N [HiRF56 S (EIFH] -

(=) EBHHS(2n, n) E578 - nds HMEZSE R Fibbinary numbers

Ty ET B B BT B 1 AKEE R - ZRIE Fibbinary numbers 3Ll 2 WA g BEH R

ARG E 1 AR - B (513 2.1] gar

[5]32.1)] :vneN

S(2n,n) = S(4n,2n) (mod 2)

(GESED
H [E#1] 1550

n+1
S(Zn,n)z<2n+[ 2 J_n_1>(mod2)

2n—n

SYFRMER St > FmEA > Hon = 26+ 15

sonn=(“2 7)1 e
RSB
s = ()= (57 = (557 2) s
v, (M MHE 3.4

v, (@) = 5,(B) + 52(@ — B)=52(B) = 5,(2B) + 5,(2(ct = B)) 5, (20) = v, ((2;))

Va,BEN 0<B<a Hla=3t+1,=2t+1

EnisE > Ben = 265

4t—t—1)_<3t—1
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B35 (4n, 2n) LEEL AT 15
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at ) 4t

S(4n,2n) = ( 71
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Fv, (M) TEE LELEE 2.5
& <<6t4; 1)) - (% <6t4; 2))
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Hla =3t -1,p =2t &

[EH2.2) :vneN
=S2n,n)EE T - ndS HEEER Fibbinary numbers

(B ]
(53 2.1] 774 > REFESnamEB0VER - R REn R iEE(Fibbinary numbers H1 Y&
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3t+1
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s,(a+ b) < s,(a)+s,(b)
FEIRRINE BAEE IV Ea + b)ZEHENL - R 2k Mk A A B R R kBB =] 2148 »
REINE kL > RILEE kDY o &8N 1R A g IR - 47 LR - FJRFEK

S B 0o HEEE k=" REEEET > SQn,n)EHE - SE > BEERD

2
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— ~ TMEBHES2n, n)Z & 8T - n3s HEZS B Fibbinary numbers HY7J774
(—) E5% o Jess s [ (FEERpsT HRrg HED
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(513 3.3] : nmrsEIFEEE > HO<rs<1 > EMH

(2" = () () moaz)

[ZBEH ]
i (513 3.2] 551 S8 e = 289E » I
2n—r s 2n' +r
<2m - s) PHEHK (Zm’ + s)

KfEp = 28 piar
(1) (§) Gmod)

IJE.EE

(Z) BHE > B985 S2n,n) = (3F) (mod 2)

A ==|

[EF3.4) :vneEN
3n
n

S2n,n) = ( ) (mod 2)

CEED
H [(E# 1]

n
S2n,n) = (271 B L?J B 1) (mod 2)

H GBS - BRIy plar BE RS 7y 5 5w
L EnZEEEr o b [5#E3.1] =

(Zn - 5] - 1) _ <3n2; 2) (mod 2

n

Hffion =2t (teN) - i [5[#3.3] 15
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2. EnEwE o b [5[E3.1] &

(Zn - L%J - 1) _ <3:) (mod 2)

(7= () s
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Kfien=2t+1(teN) »H
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32t +1)\ (3t q2
( 2t +1 >_<t’> (mod 2)
AL ERIES - FRATPTLAEE SR - vn € NIFTA
3n
S2n,n) = ( " ) (mod 2)

S ==|
ISR T3l

(=) BCHEHEES > nF AMEEBF Fibbinary numbers
EE T EIM TR FRFIRERE R e A0 S B AT B o nAYBRIE - RILIRAFICE A E
(Lucas’ Theorem ) [5]7Kz&HH -

[E# 3.5] :
& () EAEE > n3S HHES B Fibbinary numbers

[5EH]
FePirr (1) iy 3n ilniiftapi 2 ir R
3n=ag+ a;2t -+ a;_127 1 4+ a;28, n=by + b2t + -+ b1 2071 + b 2!
A R E B A
3n 2 a;
()= 1) o

HieNU0> HO<a,b;<p—-10<i<r

RO A (Y )mER 1 S
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B - FRAFIA] DLEEIR KRS (2n, n)igﬁ&%{%ﬁ’g(? )ACEEHA M R Ay B (trivial) FLfS
o MRS A LTE lemma » 3 Lucas’ Theorem EJ4H- &8 7/ AGEHHEfE S » HEH
K HERE 2 AR 8 S (41S(3n,n), S(Gn,n)) !

() o3 ELEt 3
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— - WA HESGn ) EHER > nREEEERRCT) -

[EH4.1) :vneN

S(3n,n) = (5:) (mod 2)

[Z5EH ]
m[E#E1] 5

n
S(3n,n) = (371 _ZlZJ - 1) (mod 2)

HHEE A SIS BT & BB RN S 55w
(—) EnZEEEE - 5 [53 3.1] 15

()= )= ) e
KfMen=2t teN) - flfg [5¥# 3.1) f1 [5]# 3.3]) 15
(5:—_ 22) - (1201:1:—_ 22) - <22((5tt—_ 11))) = <5tt—_ 11)
(D) Engarsdy - i [B1# 3.1]) 15
- G B iy P
Hfien=2t+1(teN) > Al [G]#3.1] 15
)= ()= (2 = (G2 = (%) naa
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S(3n,n) = (5:) (mod 2)

= s ) B En

A CEE 4.1] RITEIEREIS Bn, n) BEFE AR - TV ()it (N4 &
ESUEESEIESE L (eI

AT ST RIZE S » FRAPTRIFIBLRSE — fh—HEAYJ77% » JeFIF Python 8328 IR E (5)
SEEIN{E - 57 25 TRANT > RS R R -

0,1,2,3,4,6,8,9,12, 16, 17, 18, 19, 24, 25, 32, 33, 34, 35, 36, 38, 48, 49, 50, 51

PRI EEE I ZEAERES i A& OEIS > HA—(E—B e HIENEY)
A048716 [6] » ERYIEEZES | hE— BN — & i I B P RIER AL > 41RZ
LHE R 1 REZALRTR SR AL A EL ARy 0> 41 10012=9 » NEEFRIEM > HEFESSBn,n)
AR ndE HMEE B A048716 851 « THIEAFTREEIHE(EEM -
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[EHE4.2)
5
i (°7) BarEs - n b B FRRATE 1 AT AR O

[FEHH]
(—) BN () g 5n Bln B 2 i i fE R
Sn=ag+a;2' -+ a;_12" + a;25,n = by + by 21 + - + b;_1 2071 + b, 21

A E R E S

() =TT () tmoa2)

1=

HieNU0> HO<a,b;<p—-10<i<r

() BEEEC) B SE()moER 1 S

T

[1G)=0=(5) raser

1
0
0

ﬁREE@%ﬁ%@%@Q=1’%%ﬁﬁziﬁ;
a; =0,b;
() SRR 2 () s » m el TR 1 (ERT B R
0 - ity —HERITF £ — (BT
be =1,b_, = 1
AT R A
ay = by_p + by (FKHEAir)

w-0=(3)-()-s

FrAC) Ryl BRMBEE T JE - S5 st M T /B B 1 AT A2 0 -

AL RITE]

= i
TERHISED R TSGrn) = () (mod 2) + B UFEFRAEN
S(Sm, my 7 5. BRI & () E E MR EE 6 mod 2 » BRCH PR T 2200 -

12



(G5 Bsn b ARz smmaas () EEMRERE mod 2

— ~ FRMIEEDH > BIRS(G5n, n) A B S ERAE A8 (P 5 S PIW E E] 6% mod 2
[E#5.1) :vneN

S(n,n) = (9:) (mod 2)

[Z5EH ]
m[E#E1)] 5

n
SGn,n) = (Sn _EJ B 1) (mod 2)

HHEE A SIS BT s B BN S 5 o
(—) EnBEEHE - 5 [513 3.1] 15

5n—|5| -1 9n —2 9n —2
(B2 (0= (2) e
Al (513 3.1] 1 [5[3# 3.3] 15

<9; _ 22) - (1281:1:—_ 22) - <22(2:t—_ 11))) = <9tt—_ 11)
() EnEar®ly o 1 [5(E3.1] 1§

(Sn —LZIJ - 1) _ <9n8; 1) (9: - 1) (mod 2)
Al [5[#3.1] 15

9n—1y (18t+8\ (18t+8
<n—1)_< 2t )_<16t+8)
HEE DL RS » BT DAEEE R - vn € NEATH

HfMen =2t (teN)

(9;) (mod 2)

HMen=2t+1(teN)

(sea) = (1) tmod
S(5n,n) = (9:) (mod 2)

ﬁ*ﬁ/\n uFFH

FEEEIIHITE  RITEH TSGnn) = () (mod 2) » BlUFaHEBEHRFTA
S(pn,n) s S REAA & (P, ) B PRI mod 2 » PRIBLHIRERE T HIZEH -
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[(5Eh] mes(pnn) = (

— ~ HEEIEE
HbgE =« ZEADD > FATEEFES(2n,n) = (31) (nod 2) + SBn,n) = () (mod 2) -
AT S [E# 3.5) BUDATEERATTA » [FIRF(E A Python EHENEREE - H#EH T LA
Fo— o

) (mod 2) it > pEp BIBH{R

F—: S(pn,n) = (p;l”) (mod 2)iF - pHip' 7 RBl{i%

p= p'=3 p=17 p' =33
p=3 p'=5 p=19 p' =37
p= p'=9 p =23 p' =45
p= p' =13 p =29 p' =57
p=11 p' =21 p =31 p' =61
p=13 p' =25 p =37 p' =73

i b BPTEZILEAES (on,n) = (7)) (mod 21 > p' = 2p — 1> LU FsE9LE (8

#H o
N

[EH 6] vnpeN
S(pn,n) = ((ZP ; 1)n> (mod 2)

(8]
B [(E#E 1] =

S(pn,n) (’m_%”) i2
nn) =
p o 5 | mod2)

HeAPY o3 plm R (R B B 2 SO 0 7 2Rt B
(—) nfyiBE

(B

“n =2t (t €N)
2pn—n—2 2p-Dt—-1\ (Cp—-Dt-1
<2(p—1)n) (Z(p—l)t )‘( t—1 )
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( 2(p — Dn >_<2(p—1)n)(m0d2)

((Zp - Dt

t

) (mod 2)



(Z) nRyErEy
(rm -[3l- 1)
(»—Dn

H(—) ~ (D) WETS

2(p—Dn 2(p—1n n—1

<(2p - Dn) (mod 2)

<2pn— n—-1)— 2) _ ((Zp —1n-— 1) _ ((Zp —1n-— 1)

S(pn,n) = ((229 ; 1)n) (mod 2)

[H5E75] @B ZREIZRS (n, k) Z T Bk
FESEETEINTFE T - FAFIEEA Python A4S (n, K)AYET 1L - HH10 <n,k <100

el Fom (FB _Eifn M RFP By 0~100) » el Rk (FRZZMT A (-7 &y 0~100) - ss G RFRHER 1
ENEVERE
FERE o BT AT DA RIS (A B3R 52 » H— Ry ffiifEl T oA R AR B Rk 0 (

1) o H 2 Ry ff i P AR AR DL FR AL = 7P (Sierpinski triangle) VB > EEn, kAI(E K
R > BBV BB EARE -

S2(n, k) mod 2

& = : S(n, k)& il (ZIKEWE%/%%E%{’E )
it - #HEAE S AP R Y > AILUERR —EFE AP T RAER R =i T A
i e EEE= ARG REMD BIUES NIEEFFE AR

7 WAEER LY =
A - %ﬁﬂﬁ%ﬁﬁt{lﬁd\—%%%%’E&K%EP/DE’] —%ﬂ%ﬂ’ﬁﬁ&'?\ > WE =P -
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(5L ] ST BEB =5 2 RRERPERE

FEEE PRI T > AR R SRR SR A s HARRARYRE I B am - NIRRT
H O BRER 2 MAESWP TS EENE =L - HEEE=APEEM
DRy —(EE1 T - RIS R S A S E A = AP th ey B B B - FRFIRAT L
SREBAWPLER > HRSHEIE=AF - TE R Python & KR EE = AP
155 2 BRI ARE] - BHEGEREER—[ES(n, k) (mod 2)Iy{E > FRER 1 (FE) - BER 0 (1
80 o RERR n o fEERR k o RIS T E P A ERBERS EES A = AT Sl EE=
A ERITRF G HRAEME - NI & ey B B - MAEREH B AR
MR > WFVCE T — R A5 -

S2(n, k) mod 2

Q
g7
E
I
Q

k

&Y = S(n, k)Eyar ol (FBEhR > ANE R E R

HAIE FE LAn ki A S5 AT Ry BE B AT B B (EL T 7 2 A B e R B e BE B 2t - A
[l o ek FHZEAE A o defilinel B0 MY o B FITIRA; R E Ry B BT A T
REJVEBR - EfiF—(EdRSTH A ZE B

A1 = [ Sk S(m,k +1)
[4il2 = Sm+1,k) Sm+1,k+1)

Fo—(ERTR 2 VR - HrS(n, k) Rysh SR 8% Hn, k RIRREEL - SRR

[4; + (x, — V) B @ BE[A; ] (3 NP2y BAL > [FAPEx AL - HIKFER[An]2 = [An]2 (mod p)
EEANHEN TR G FeR - HP o 88 - fJUEFRREAHE - 5% > HfER
[Aw]i U [Ap]j Rl (B RS 3 -
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fﬁE > PGS B BARANE » BRI R R E n DIE i — [ " B =/
B =mParrE :

S2(n, k) mod 2

FHErE s

SPRS B E Y

)

o 1 2 3 4 5 6 7 8 9 10 1 12 13 14

k

Bir=mrEE CKREHFEZREEE)
AT LR E(ER AN = A B 3 HERE[A]s

S 0 0 0 0 01

s21) s22) 0 0 0 0 1

SG1) S32) S33) 0 0 0 1

Cls@n) s@2) s@3) s@a 0 o | |1

Mids =10 " s52) $53) SG4) SG5) 0 o |=|o

0 0 0 S64) S65) S66) 0 0

0 0 0 0 S(7.6) S(77) 0 0

[ o 0 0 0 0 s@s)l Lo
HAPEAS(4,3)F1S(5,4) g - HErE a8 - BEsTES

0
0
0
L 0

[A1]g U [A1 + (0,—4)]g U
H[A; + (0, —4) s HIEE HiFFA;
[Aq]e =A% (& B AL ES (B BT

S(1,1) 0 0 0 0 0
S1S22 0 0 0 0
S3.1)S3,2)S33) 0 0 0
S(4,1)S(4,2)S(4,3)S(44) 0 0

5(5,2)S(5,3)S(54)S(5,5) 0

o O oo

0

0 0 S5(64)5(65)S(66) 0

0 0 0
0 0 0 0 0
r5(9,9) 0

5(10,9)5(10,10)

0 0
0 0
0 0

0 S(7.6)S(7,7) 0

0
0
0
0
0
0

0 S(88)
0 0
0 0

S(11,9)8(11,10)S(11,11)
$(12,9)5(12,10)5(12,11)S(12,12)
0 S(13,10)S(13,11)S(13,12)S(13,13) 0
$(13,12)S(14,13)S(14,14)
S(15,14)S(15,15)

0
0
0

0

0
0

0
0
L 0
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0
0
0
0

0
0

0
0
0

o O oo

0

0

0
0

[41 + (8, —8)[sIVE

0
0
0

0

[=NoloNoNole)

(=]

0

S OO R R R RO
[=NeNel -l ==

[A1 + (8, —8)]s = [A2]16
1e7E T (y ®h) A% U {E By
#ZHEIL%:#D_F

'S(51) 0
S(6,1)S(6,2) 0
S(7,1)S(7,2)S(7,3)
S(8,1)S(8,2)S(8,3) S(8,4)

0 5(9,2)S(9,3) S(9,4) S(9,5)
0 5(10,4)S(10,5)S(10,6)
S(11,

0
0
0
0

0
0

0
0
0
0
0
0
0

BE(16,16)]

OO R ORFROOCOo
SO R R OOOO

0
0
0
0
0

0

(mod 2)

ORr PR OO OOOo
(=N N eNoNoNoNoNe]
_ o o000 0oo

S‘#H
B

0
0
0
0
0
0

6)S(11,7)
0 5(12,8)]




s(1,1) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
S1S(22) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
$(33,1)S(3,2)S(3,3) 0 0 0 0 0 0 0 0 0 0 0 0 0
S(4,1)S(4,2)S(4,3) S(44) 0 0 0 0 0 0 0 0 0 0 0 0
S(5,1)8(5,2)S(5,3) S(54) S(55) 0 0 0 0 0 0 0 0 0 0 0
S(61)S(62) 0 S(64) S(65) S(66) 0 0 0 0 0 0 0 0 0 0
S(7,1)S8(7,2)S(7,3) 0 0 S(76) S7,7) 0 0 0 0 0 0 0 0 0
S(81)S(8,2)5(8,3) S(84) 0 0 0 S@88 0 0 0 0 0 0 0 0
0 5(92)S(9,3) S(9,4) S(9,5) 0 0 0 S99 0 0 0 0 0 0 0
0 0 0 S(104)S(10,5)S(10,6) 0 0 S5(10,9)S(10,10) 0 0 0 0 0 0
o 0 0 0 0 S(1,6)S(11,7) 0 S(11,9)S(11,10)S(11,11) 0 0 0 0 0
o 0 0 0 0 0 0 S(12,8)S(12,9)S(12,10)5(12,11)S(12,12) 0 0 0 0
0 0 0 0 0 0 0 0 0 5(13,10)5(13,11)S(13,12)5(13,13) 0 0 0
o 0 0 0 0 0 0 0 0 0 0  S(1412)S(13,13)S(14,14) 0 0
o 0 0 0 0 0 0 0 0 0 0 0 0  S(1514)S(15,15) 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 S5(16,16)
ﬁﬁﬁ&?%iﬁ%ﬁ
[A1]22+1 V) [A1 + (0, —4)]22+1 U [A1 + (8, —8)]22+1 = [A2]22+2
PLEFRAFIE gt T S B AR CIERSE— - Bl LT = A EE N RAE
A% o

BTHE— % BRMEERERE  —FEEHETS
[A3],2+2 U [A, + (0,—8)],2+2 U [A; + (16, —16)],2+2 = [A3],2+3
PR EAE PR -

[A2]22+2

q [A3],2+@+1)

[A2 + (0, —21+2)]22+2

[AZ + (ZZ+2’ —ZZ+2)]ZZ+Z

&7 - SRR REE CRERFEEREEUE)
Al AEFIE AN TP aE P A E SR e B S F - EXRBES EHN TR —
J#E 0 ﬁﬁu%;J:TLXEVEIEEM%EZB’JEE%EBD N A NNEERYRE
i BT AT AR ZE N FF & iE B PR ARV IR AR - REEE L
[Ay]p2+0 U [Ay + (0,—2179)] 240 U [4,, + (22+w, =227 ],210 = [Agp+1]p@+w)r1-——mn ©)
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! [Aw]22+w !

' [Ap+1]22+@+D)

[4, +(0,—2") 5240

[Am + (22+m, _22+m)]22+w

CESEHRERERE CREREERERE)

FEER T E AR AR BT RES - H i OFRIL - It o] DAk iy 88
BIFER T 2B BAP AT » BRARMTEEHO - 550 Z piik/ess —(H4E S BE ik
5[ -

[B/87.1) &nk <p™HVl,q >0

(lXpm+n)
qxXpm+k

(,) ;) (moan

(]
En k <p™Hin; = k; = 0FT2A By ERETER (Lucas’ Theorem)
(e =G t) - () () () e

= () () moap

U ==|
g H ©

Bt RO
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[E¥ 7.2] Vw € N> iR EBE AL -
[Ap],2+0 U [A4 + (O, —21+“’)]22+m U4, + (22+“’, —22+“’)]22+w = [Ap+1]yc+w)+1

(=]

E8q byt
[Ap]y2+0 = [Ay + (0, —2119)],240 (Mod 2)
g [EE1] B0 EEEm, k(A -
0, (mod 2),ifn <k

stk =] (n—|5]-1
= 2 (mod 2),ifn >k
n—k

H (EE1] Al

( lk+b
S k+b) = d?2
(n+ak+b)= etk —b (mod 2)

n+a+2te — [k+b 1
S(n+2"*% +a,k+b) = (mod 2)

\ n+2to +a—k—»

N (513 7.1]
n+a+ 21 — [k+b n+a—[¥—1+21+‘“
n+2*0 ta+—-k-b | \ n4a-k—b+21te

+a_lk+b 1
= (mod 2)
n+a—-k-—>»

HMHEAE
[Ap]y2+0 = [A, + (2279, =2219)],240 (Mod 2)
X
( Sn+a,k+Db) = ( [k+b )(modZ)
' n+a—k—»b '

n+22t¢ + q + —k — 22%® —

S(n + 229 4+ g,k + 22 4+ b) = 2 , | (mod2)
\

20



n+22t¢ +q—k —22t® —p n+a+—k —b+22t® — 22+0

[k+b — 1421402 — 1) n+a—[k2Lb—1+21+“’
n+a—k—>» B n+a—k—>
V+b
d?2
n+a—k—> (mod 2)

HIREE 7 Fi[Agylpzve ~ [Ay + (0, =2179) [p2v0 ~ [A,, + (2279, =2279) ] 20 i5 = (EIEBRAH AN
B 0 TR A MBS - BUEE AV - n R AR B I A EESRARIN - T RAYED
Sy AT LA R 0 - INIEESE BRI -
[Au]y2+0 U A, + (0, —21%9) ] 240 U [A, + (2279, —2279) |y240 = [Ay11],0rw41
tERAREA B RAELCHIMHE - B 2SR E A= AP -
DL EAAEFFER M 24 0l mod 2 WEZEER - (HEMAVER QA BRI - FOEHRMEE
BT E mod 3 o [NEFRMIFARL THFE/\

(n +a+ 22+w — [WJ ) ( [k + b -1+ 22+w _ 21+w>

=i
A5 °

[H5E /A1 FIREEBFRTRS(n, k) (mod 3)RIEREL
FEWTFE— PR MHEE H—Emod 2 NHVSH & EIER= » BT MEAE R HAM ST e 25 (i e fm #E
H—(&mod 3 THYHE FER - LLAFIREHINTFE -

(e 8] HRIEREEm, kA

(lk +1 >
S(n k) = —k (mod 3) ,ifn = k,n = k (mod 2)
2
S(n, k) = 0 (mod 3),otherwise

(=]

Case 1,if k = 0 (mod 3)

iS(n,k)x 1_[1—1x — (mod 3)

2)3

NEtsk = 0 (mod 3)FTLAi<k = 3¢, ¢t € N U {0}

k 3t

X X

= =x3A+x2+xt+ )
ET 1—x2)t
(1—x?)3
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SR IR UE B SR RS

(ﬂ_%z))t C (1)t = i (t +1:l— 1)x2m

m=0
:>x3t(z <t+m—1)x2m> _ z <t+m— 1)x3t+2m
m m
m=0 m=0
“n=3t+2m Eﬂm—n_?:“
o) t_+_n-213t__1 o §_+_n/£-k ~1
x" = x"
z n— 3t z n—k
n23t T nk 2
n=3t (mod 2) n=k (mod 2)
Otherwise : S(n, k) = 0 (mod 3)
e
Case 2,if k=1 (mod 3)
I0%s) k k
z S(n,k)x™ = 1_[ ¥ - ad (mod 3)
) - - == k
n=0 i=1 1-ix 1- xz)l§J(1 —x)
k
.1 1 o1 Bl
- k<1— ):x ((1— 2)) <1— )
(1- x2)l§J X b4 X

=xF(1+x2+x*+ ---)ng(l +x+x%+-)
RaTimk = 1 (mod 3)FT LSk =3t+1t € NU {0} %5

A+ 2+ xr + ) A+ x+x2+)
M ER —HEAEH

() (B

i=0 j=0

BEifREE]

K 3t+1 zz<t+l_1) 2i+j Zz<t+l_1) 3t+1+2i+)

i=0 j=0 i=0 j=0

Sn=3t+1+2i+j 15
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oo 0 k—1 n—=k

D) DI G EED W RIS B B

n=0 \ ._n—(3t+1) nzk )
1= 2 n=k (mod 2)

ks
Case 3, if k =2 (mod 3) ¥EFHH Case 1, if k = 0 (mod 3)H[EF%AEHH

k

ZS(n k)x”—l_[1 — (mod 3)

(1 —x%)3
Hetamk = 2 (mod 3)ATLASk =3t +2,t e NU {0}

xk x3t+2
T — (1 — xz)t+1 — x3t+2(1 + xz + x4- + ”_)t+1
(1—x2)3"
NHEZ “HENEHE S
1 t+1 > t+m
[ — — A2 (t+1) — 2m
<(1—x2)) (1 =x%) z< m )x

m=0

xSRI R

(B )m) = 2

m=0 m=0
Ln =3t+2m+2 > Hjm =222
2 n o _ 3 2 n
n — 3t = n—k x
nz3t+2 2 1 nzk 2
n=3t-2 (mod 2) n=k (mod 2)

Otherwise : S(n, k) = 0 (mod 3)

H7
bt = A AT v LR S st & Of Ak
k+1 —k
(e . _
S(n k) = n—k (mod 3) ,ifn = k,n = k(mod 2)
2

S(n, k) = 0 (mod 3), otherwise
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[F5E] TR BB = AP AEE3 THEREE

bt gt - IR TR B RS 2 T =AP 2B AMIPEREE - R 3
A BRSNS ? FrART—HAH python FEGE] NE/\ > Hh A @k 0 dLEk
1> m@fy2:

S2(n, k) mod 3

:E;-.L
- l-. 'Ea.

_' L h.E"fE"-
fh Bl \EL

‘- L, 'E:.. .
. E""- Tt :"l-.
. E*E*ﬁx .

&\ BB = AP mod 3 (CREHIFER A ®F)

FeAM S mT DASS FR e B e AR o i B RS B AT R AR =0 &SRR T R PR
A AER SRR S g - RILIRFT 1R E B O EEMEE - A A (WS
BUokcHEE -
B TE A 22 (EAH ey E 8 A = AP
sensez2 o0 o0 0 0 0 0 0 110000000
S(3,1)5(3,2)S(3,3) 0 0 0 0 0 0 101000000
S(4,1)S(4,2)S(43)S(44) 0 0 0 0 0 110100000
A; =15(51)5(5,2)S(5,3)S(5,4)S(5,5) 0 0 0 0 [=[{10111000 0]|(mod3)
5(6,1)5(6,2)5(6,3)S(6,4)S(6,5)5(6,6) 0 0 0 110201000
0 0 S(7,3)S(7,4)S(7,5)8(7,6)S(7,7) 0 0 001220100
0 0 0 0 0 S5(86)S87)S®B8) 0 000002110
0 0 0 0 0 0 0 0 5$(99] 00000000 1

BRI (P4 IRFTEZT0 5 0,152,21)
[4:] U [A; + (0,—6)] U [Ag + (9,—9)] U [Ay + (0,—12)] U [A,, + (9,—15)] U
A — (B s A
[4,] U A, + (0,—18)] U [4, + (27, —27)] U

BB ER

[A, + (18, -18)] = [4,]

[4, + (0,-36)] U [4, + (27,—45)] U [4, + (54, —54)] = [A4;]
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[Aw] Y [Aa) + (0' —2 X 3(1))] V) [Aa) + (3w+1' _3w+1)] U [Aa) + (0; —4 x 3(4))]
U[A, + (3941, =2 x 32 — 39+1)J U [4,, + (2 X 39*1, =2 x 39*1)] = [4,,,,]

[E= 9]
Vo € N {rfF SEH = AIUAER 3 TRig - H
[A,]U[4, + (0,—2 x 3®)] U [4, + (32*1, =39*1)] U [4,, + (0, —4 x 39)]
U4, + (3%, =2 x 39 — 39+1)] y [4, + (2 X 39*1, =2 x 39*1)] = [A, 4]

[EBHH]
— -~ B4 B
[4,] = [A, + (0,—2 x 3?)] (mod 3)

1. &k=3ths > H [E3 8]
k n4+a-—k

3+ > -1
Sn+ak) = nta—k (mod 3) if n = k,n = k (mod 2)
2
k n+a+2x3°—-k
3+ 5 -1
Sm+a+2x3%k)= ntat2x39—k (mod 3) if n > k,n = k (mod 2)
2
X
w _ _ —
k n+a+2x3 k_1 §+n+; k_1+3w %+n+; k_1
n+a+2><3“’—k - n+a—k = n+a—k (mod 3)
—+3(1) -
2 2
LigS o
2. Ek=3t+ 10 B GRGUEDL > BB USRS -
3. Ek=3t+28 B RGHIEDL - (EEEE  BS5E -
o FEAREAMEE
[A,] = [A, + (3%, =391)] (mod 3)
1. Bk =3t iy [E 8]
§+W_1
Sn+ak) = nta—k (mod 3) if n = k,n = k (mod 2)
2
k n+a+2x3°—-k—-—2x3%
§+ 7 -1
Sn+a+2x3%k+2x3%) = Ntat2x39—k—2x30 (mod 3) if n = k,n = k (mod 2)
2

X
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k n+a+2x39—-—k—-—2x3% k n4+a—k
§+ > -1 _ §+ > -1
n+a+2x3¥—-—k—2x3%® - n+a—=k

2 2

=\
4jm
kg

2. ¥k =3c+ 18 B RICEDL BETE -
3. Ek=3c+20 0 B RERIER - R
4. NHEK
[A,, + (0,—4 x 32)] = [4,, + (0,2(—2 x 39))]
[Ay + (2% 3971, =2 x 3" = [4, + (2(3*H), 2(=3°"1))]
WS RIBRER AN A B EAR M CRBEE R ICPRSUIRERER) » 1558 -

5. RAHY

[4, + (391, —2 x 3% — 39+1)] = [A, + (0,—=2 X 3°)] + [4, + (39*1, —39+1)]
TH[A, + (0,2 X 39)] = [A, + 3+, =39+ ) |#7TZ0 + 0= 0 (mod 3),1+1 =
2(mod3), 2+ 2 =1(mod )R EFH[AL )FTTLEF0->0,1-52,2>1-

&b WIS EFTrA S A REME - GBCER B BAEEIE - RIS R R E %
=AIPAER 3 TESHEENTE = -
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{h ~ WHFEssR

g

AN

[EH1] @ HPREREEN, RMTE -
0, (mod 2),ifn <k

stk =] (n—|5]-1
= 2 (mod 2),ifn >k
n—k

FH34H

|
()

» OB bR Em SCHYRE

HESORRST » IFERSCIEA] LTE 71855 (369 17508015 (2n, n) RSB > nfB5t Fibbinary
numbers > £ (IR 7 - BFURHIFIAA AR = S2n,n) (mod 204G » Hif
HABHESR AT » By TSR T 70 - AL 410 H

[E3H4.1] vneN

5n
S(3n,n) = <n ) (mod 2)
[E34.2) vneN
5
wsGnn) (0 BAEEE - n i TR 1 AR (AR O

A2EE 10-12 5

- [E# 5] vneN

9n
S(Gn,n) = ( N ) (mod 2)
FHI3HE

A
W

- [E# 6] Vvn,peEN

S(pn,n) =

<(2p - Dn) (mod 2)

A2EE 14-15 5

+ [E# 7.2] Vo € N> S BE=APAER 2 TR

[Au]y20 U [Ag + (0, =29 ],240 U [4, (2249, =229)] 20 = [A g1 ] yvwren
ASEE 16-21 H
(528 8] £ ERESm, kBT

k+1 n—k
e R
S(n k) = n—k (mod 3) ,ifn = k,n = k(mod 2)

2
S(n, k) = 0 (mod 3), otherwise

A2EE 2123 5
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U~ [E#H 9]
Vo € N B =APAER 3 Mg T2 HEAERAMEM: -
[A,]JU[A, +(0,-2 x3®)] U [4, + (3®*1, —32+1)] U [4, + (0,—4 x 39)]
U4, + (39t =2 x 3% — 39ty [4, + (2 x 39t -2 x 39*t1)] = [A,41]
A2 24-26 H
+ BT
HAFIFTHS (n, k) (mod 2)5HIsH BRI gRF > FER SIS (pn, n)AVEBRE T - N S HHH
WRRHBERAGESHE  EERENEHRHER - [ IMEktme
S(2n,n) ~ S(Bn,n) Ryar BIRmEY R - BLENBL MERIZRIEA ERAHER - A8 H A AR
S(pn, n) By Bty ks - BEL I EREEREET > IR0 BB R A A S AR -
FEEHN - USR] —(EF —fervdhem - SHEET - MR LlU pilp’ RAIHAE S
HRAA SRR E R E HETR > 2SRRI - BORERITR B TARE SEA
HEEESERRR A
FERFZE/NFAMIAIA] Python {F (8 1% #3555 H I ARIREE » — BRI KA
e HEATE =AY > £ EEEIREREIRND A E RO S A AR S - BERER
HHOT-R=APTEEER T B ARSI MHE SRR =aP A E
(EMEE > NEEERFHE e C A B RS T ERS & o BOGEOR - B (=T
B = AT o AR B - SRR A AR T B B A R DAY R S N Ry i AN BRI = A TP
HRPERALIE 0 > THEMERHIA - SERT R =M ammivIEI A 7] K TR SRR - BffiE
FFR BB DI ARRE SRR > A48 E 22 R WEL RSB TR » &S 2 — (&Y
SR o AEWTFE /N B E A 7B 3 MHVITRr BB S EERE > S e EERE IR T AT B
TERASE L H AT LUK FE SR8 B I kR R 8 8 = T NME RS 2 T AIRMEE (55 3 TH A
A | BtES i E A = AP - Fraley o A2 3 BUIEIL T - A (bR e R A A —
HRRE » ARG M B A AR i HoRe |
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2 ~ REREE

PHEITECEL > FE A 2 B 3 APt > SIS SRR = mPEE
fE B AR OEE - N EEERREEA > GRSV A REE G > DUN A FE Y
& - RAHARF eI M EE EEE A M A = AP EkaitE - B0 &
EEMEE TR BB = AP E R - MR AR RBP4 > anlE -+ =8lf-0u -

rﬂ__-‘:_

g .
.“".-l,.:,.
rrrr
......
A=

[+ ¢ 5 7

S2(n, k) mod 13

[+ - A 11

od S1(n, k) mod 3

= B SEETRF R 2 [P SRR B 3
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2k ~ &5om

HATEBARBOT AR BBy A2 B ek B0 LU L EAGE & 8 FIRIT T WO BEAHE R 4G TE n B k I
SR R EBER T HYE B AR T E RS TR TR 2] T TR S USRS
AMEDCE T — R s S RS R RS [ RVRE IR - s ] R R A B L R E L
FHE R HH 55 TR SR B LAH SO Ry ARHAS S o IR IR MRS THTRF B = AT 2 B 3
FEHEENAE=APVSMIEE - BAEMCUTECR G S milE - H—Assak - JPPTnss s
AGCN WS TH. - 5ERL T IE R e Ham ORI BT FE |

Al C

[+ AR R R

il ~ SERR
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— %

TR ERER

n\k | 0 1 2 3 4 5 6

0 1 - - - - - -

1 0 1 - - - - -

2 0 1 1 - - - -

3 0 1 3 1 - - -

4 0 1 7 6 1 - -

5 0 1 15 25 10 1 -

6 0 1 31 90 65 15 1

R RS, n), (7)) B A

p p  |HIISIA
2 3 0,1,2,4,5,8,9, 10, 16, 17, 18, 20, 21, 32, 33
3 5 0,1,2,3,4,6,8,9,12,16, 17, 18, 19, 24, 25
5 9 0,1,2,3,4,5,6,7,8,10,12, 14, 16, 17, 20
7 13 0,1,2,3,4,6,8,11,12,16, 17,19, 22, 24, 27
11 21 0,1,2,3,4,6,8,9,12, 16, 18, 24, 32, 33, 36
13 25 0,1,2,3,4,5,6,7,8,10, 12, 14, 16, 19, 20
17 33 0,1,2,3,4,5,6,7,8,9,10,11, 12,13, 14
19 37 0,1,2,3,4,6,8,9,12,16, 17, 18, 19, 24, 25
23 45 0,1,2,3,4,6,8,11,12,16, 17,19, 22, 24, 27
29 57 0,1,2,3,4,5,6,7,8,10, 12, 14, 16, 19, 20
31 61 0,1,2,3,4,6,8,11,12, 16, 22,24, 32,43, 44
37 73 0,1,2,3,4,5,6,7,8,10,12, 14, 16, 17, 20
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— ~ Python FEZ{(H5
AHZE(H ] Google Colab {F ¥ BN FH 5 R -
(—) S(n, k)& M ENE

import matplotlib.pyplot as plt
import numpy as np
from matplotlib.colors import LinearSegmentedColormap

import math

# Revised function to calculate Stirling numbers of the second kind using the
generating function method
def generating_function_stirling_second(n, k):
result = 0
for i in range(0, k + 1):
coeff = (-1)%xi x math.comb(k, i)
term = (k — i)%kn
result += coeff % term

return result // math.factorial(k)

# Custom colormap with white for zero and a gradient from red to violet for other
values
def custom_cmap():
# Colors mapping: white for @, then red to violet gradient
colors = ["white", "red", "orange", "yellow", "green", "blue", "indigo", "violet"]
cmap_name = "custom_map_with_white"

return LinearSegmentedColormap.from_list(cmap_name, colors, N=256)

# Function to generate heatmap for Stirling numbers

def plot_generating_function_stirling_numbers(n_range, k_range, mod_values):
stirling_results = {}
cmap = custom_cmap() # {FEHEEEAEHLE

for mod_value in mod_values:
results = np.zeros((len(n_range), len(k_range)))
for i, n in enumerate(n_range):
for j, k in enumerate(k_range):
value = generating_function_stirling_second(n, k) % mod_value
results[i, j] = value if value != 0 else -1 # {fif] -1 R 0 (IYER

stirling_results[mod_value]l = results
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for mod_value, results in stirling_results.items():
fig, ax = plt.subplots(figsize=(8, 8))
# ERBERIEIG - KRB -1 ERS B
c = ax.imshow(results, cmap=cmap, aspect='auto', vmin=-1, vmax=mod_value-1)
ax.set_title(f"S2(n, k) mod {mod_value}")
ax.set_xticks(range(len(k_range)))
ax.set_yticks(range(len(n_range)))
ax.set_xticklabels([str(k) for k in k_rangel)
ax.set_yticklabels([str(n) for n in n_rangel)
ax.set_xlabel("k")
ax.set_ylabel("n")
plt.colorbar(c, ax=ax) # Add a colorbar to show the mapping

plt.show()

# Example usage
n_range_example = range(0, 100) # Adjusted for demonstration purposes
k_range_example = range(@, 100) # Adjusted for demonstration purposes

mod_values_example = [2]

plot_generating_function_stirling_numbers(n_range_example, k_range_example,
mod_values_example)

#result:

S2(n, k) mod 2
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-1.00
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import math
from scipy.special import comb
def stirling_second_3k(k):
=3 % Kk
result = 0
for i in range(@, k + 1):
coeff = (-1)x*i % comb(k, i, exact=True)
term = (k - i)%kn
result += coeff % term
return result // math.factorial(k)
# Example usage
for i in range(@, 100):
k_value = 1 # 7848 m e & EEH]
stirling_result = stirling_second_3k(k_value)
if stirling_resulté&l:
print(f"{k_value}, ",end="")

SRR ER A - B R=APES s ER AR B B 2 E

import matplotlib.pyplot as plt

import numpy as np

from matplotlib.colors import LinearSegmentedColormap
import math

from functools import 1lru_cache

# Function to calculate combination
def combination(n, k):
if k> n or k < 0:
return 0

return math.comb(n, k)

# Function to calculate the new combinatorial formula
def new_combinatorial_formula(n, k):
ifn<i(k//2)+1or (n-k-1)<0:
return 0

return combination(n - (k // 2) -1, n - k - 1)

# Function to calculate Pascal's triangle entries

def pascal_number(n, k):

if k > n:
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return 0

return math.comb(n, k)

# Function to calculate Stirling numbers of the first kind using memoization
@lru_cache(None)
def stirling_first_kind_memo(n, k):
if n == k ==
return 1
if n == 0 or k == 0:
return 0

return stirling_first_kind_memo(n-1, k-1) - (n-1) * stirling_first_kind_memo(n-1, k)

# Custom colormap with white for zero and a gradient from red to violet for other
values
def custom_cmap():
colors = ["white", "red", "orange", "yellow", "green", "blue", "indigo", "violet"]
cmap_name = "custom_map_with_white"

return LinearSegmentedColormap.from_list(cmap_name, colors, N=256)

# General function to generate heatmap for given number function
def plot_number_function(func, n_range, k_range, mod_values, title):
results_dict = {}

cmap = custom_cmap()

for mod_value in mod_values:
results = np.zeros((len(n_range), len(k_range)))
for i, n in enumerate(n_range):
for j, k in enumerate(k_range):
value = func(n, k) % mod_value

results[i, j] = value if value != 0 else -1

results_dict[mod_value]l = results

for mod_value, results in results_dict.items():
fig, ax = plt.subplots(figsize=(12, 10))
c = ax.imshow(results, cmap=cmap, aspect='auto', vmin=-1, vmax=mod_value-1)
ax.set_title(f"{title} mod {mod_value}")
ax.set_xticks(range(len(k_range)))

ax.set_yticks(range(len(n_range)))
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ax.set_xticklabels([str(k) for k in k_rangel)
ax.set_yticklabels([str(n) for n in n_rangel)
ax.set_xlabel("k")

ax.set_ylabel("n")

plt.colorbar(c, ax=ax)

plt.show()

# Example usage for the new combinatorial formula
n_range_example = range(0, 300) # Adjusted for demonstration purposes
k_range_example = range(@, 300) # Adjusted for demonstration purposes

mod_values_example = [2]

# Plotting for the new combinatorial formula
plot_number_function(new_combinatorial_formula, n_range_example, k_range_example,

mod_values_example, "S2(n,k)")

# Plotting for Pascal numbers
plot_number_function(pascal_number, n_range_example, k_range_example,

mod_values_example, "Pascal's Triangle")

# Plotting for Stirling numbers of the first kind using memoization
plot_number_function(stirling_first_kind_memo, n_range_example, k_range_example,
mod_values_example, "S1(n, k)")

#result:

52(n.K) mod 2

S1(n, k) mod 2

36



